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ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE
BRANCHED COVERS
MICHEL BOILEAU, STEVEN BOYER, AND CAMERON MCA. GORDON
Abstract. We investigate the problem of characterising the family of strongly quasipositive
links which have definite symmetrised Seifert forms and apply our results to the problem of
determining when such a link can have an L-space cyclic branched cover. In particular, we
show that if δn = σ1σ2 . . . σn−1 is the dual Garside element and b = δknP ∈ Bn is a strongly
quasipositive braid whose braid closure b̂ is definite, then k ≥ 2 implies that b̂ is one of the
torus links T (2, q), T (3, 4), T (3, 5) or pretzel links P (−2, 2,m), P (−2, 3, 4). Applying [BBG,
Theorem 1.1] we deduce that if one of the standard cyclic branched covers of b̂ is an L-space,
then b̂ is one of these links. We show by example that there are strongly quasipositive braids
δnP whose closures are definite but not one of these torus or pretzel links. We also determine
the family of definite strongly quasipositive 3-braids and show that their closures coincide with
the family of strongly quasipositive 3-braids with an L-space branched cover.
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1. Introduction
We assume throughout that links are oriented and contained in the 3-sphere. To each link L
and integer n ≥ 2, we associate the canonical n-fold cyclic cover Σn(L)→ S3 branched over L.
We are interested in links that are fibred and strongly quasipositive. By theorems of Giroux and
Rudolph (see [Ru2, 102.1]) these are precisely the links that can be obtained from the unknot by
plumbing and deplumbing positive Hopf bands. Recall that an L-space is a rational homology
3-sphere such that dim ĤF (M ;Z/2)) = |H1(M ;Z)| [OS1], and an L-space knot is a knot with
a non-trivial L-space Dehn surgery. L-space knots are fibred [Ni1], strongly quasipositive [He,
Theorem 1.2], and prime [Krc]. We ask:
Question 1.1. For which fibred strongly quasipositive links L is some Σn(L) an L-space?
Examples are provided by the following.
Call a link L simply laced arborescent if it is the boundary of an oriented surface obtained by
plumbing positive Hopf bands according to one of the trees Γ determined by the simply laced
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Dynkin diagrams Γ = Am(m ≥ 1), Dm(m ≥ 4), E6, E7, E8. We denote L by L(Γ). It is known
that
L(Am) = T (2,m+ 1)
L(Dm) = P (−2, 2,m− 2)
L(E6) = P (−2, 3, 3) = T (3, 4)
L(E7) = P (−2, 3, 4)
L(E8) = P (−2, 3, 5) = T (3, 5)
where T (p, q) is the (p, q) torus link and P (p, q, r) the (p, q, r) pretzel link. For such a link L,
Σ2(L) has finite fundamental group and is therefore an L-space [OS1].
Conjecture 1.2. If L is a prime, fibred, strongly quasipositive link for which some Σn(L) is
an L-space, then L is simply laced arborescent.
We say that a link L of m components is definite if |σ(L)| = 2g(L) + (m − 1), where σ(L) is
the signature of L and g(L) is its genus, and indefinite otherwise. One of the main results in
our earlier paper [BBG] is
Theorem 1.3. ([BBG, Theorem 1.1(1)]) A strongly quasipositive link L for which some Σn(L)
is an L-space is definite.
For some subclasses of prime, fibred, strongly quasipositive links this immediately leads to a
proof of Conjecture 1.2. For example, the simply laced arborescent links are all definite positive
braid links, i.e. closures of positive braids, and Baader has shown:
Theorem 1.4. ([Baa, Theorem 2]) Let L be a prime positive braid link. Then L is simply laced
arborescent if and only if it is definite.
Thus Conjecture 1.2 holds for positive braid links. In the same way, it was shown in [BBG]
that the conjecture holds if L is prime and either a divide knot, a fibred strongly quasipos-
itive knot which is either alternating or Montesinos, or an arborescent knot which bounds a
surface obtained by plumbing positive Hopf bands along a tree. See [BBG, Corollary 1.5 and
Proposition 9.3] and the remarks which follow the proof of the former. However, Theorem 1.3
is not sufficient to prove Conjecture 1.2 in general; there are prime, definite, fibred strongly
quasipositive links that are not simply laced arborescent (see [Mis] and Theorem 1.13). The
examples in Theorem 1.13 are basket links; see [Ru1].
A useful point of view concerning strongly quasipositive links is obtained through the considera-
tion of Birman-Ko-Lee (BKL) positive braids [BKL]. Here, the authors introduce a presentation
for the braid group Bn with generators the strongly quasipositive braids ars, 1 ≤ r < s ≤ n,
given by
(1.0.1) ars = (σrσr+1 . . . σs−2)σs−1(σrσr+1 . . . σs−2)−1
Figure 2 depicts the associated geometric braid.
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An element of Bn is called BKL-positive if it can be expressed as a word in positive powers
of the generators ars. The family of BKL-positive elements in Bn coincides with the family of
strongly quasipositive n-braids. The BKL-positive element
(1.0.2) δn = σ1σ2 . . . σn−1 ∈ Bn,
called the dual Garside element, plays a particularly important role below.
Let L be a strongly quasipositive link, so L is the closure of a BKL-positive braid, and define
the BKL-exponent of L to be
(1.0.3) k(L) = max{k : L is the closure of δknP where n ≥ 2, k ≥ 0, P ∈ Bn is BKL-positive}
It is clear that k(L) ≥ 0 and we show in Lemma 2.2 that k(L) <∞. Consideration of the table
in §2.4 shows that k(L) ≥ 2 when L is simply laced arborescent.
The BKL-exponent k(L) can be used to characterise the simply laced arborescent links amongst
prime strongly quasipositive links.
Theorem 1.5. Let L be a prime strongly quasipositive link. Then L is simply laced arborescent
if and only if it is definite and k(L) ≥ 2.
The condition k(L) ≥ 2 on the BKL-exponent cannot be relaxed as there are prime strongly
quasipositive definite links with k(L) = 1. See Theorem 1.13.
Theorems 1.3 and 1.5 give a complete answer to Question 1.1 for prime strongly quasipositive
links with BKL-exponent k(L) ≥ 2.
Corollary 1.6. Let L be a prime strongly quasipositive link with BKL-exponent k(L) ≥ 2.
Then Σn(L) is an L-space for some n ≥ 2 if and only if L is simply laced arborescent.
It is worth noting that by [Ban, Theorem 4.2], a strongly quasipositive link L with k(L) ≥ 1 is
fibred. (Banfield also showed in [Ban, Theorem 5.2] that the family of strongly quasipositive
links L with k(L) ≥ 1 coincides with the family of basket links; see [Ru1] and the discussion
below.) In particular, the strongly quasipositive links arising in Theorem 1.5 and Corollary 1.6
are fibred. This reduces Conjecture 1.2 to the following statement.
Conjecture 1.7. If L is a prime, fibred, strongly quasipositive link with BKL-exponent k(L) ≤
1, then no Σn(L) is an L-space.
We completely determine the definite strongly quasipositive links of braid index 3 or less, a
family which includes the simply laced arborescent links (cf. the table in §2.4).
Theorem 1.8. Suppose that L is a non-split, non-trivial, strongly quasipositive link of braid
index 2 or 3.
(1) If L is prime, then the following statements are equivalent.
(a) L is definite;
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(b) Σ2(L) is an L-space;
(c) L is simply laced arborescent or a Montesinos link M(1; 1/p, 1/q, 1/r) for some positive
integers p, q, r.
(2) If L is definite, then it is fibred if and only if it is conjugate to a positive braid.
Part (2) of Theorem 1.8 combines with Theorem 1.4 and [Ban, Theorem 4.2] to prove Theorem
1.5 in the case of strongly quasipositive links of braid index 2 or 3. Part (1) of Theorem 1.8
resolves Question 1.1 for non-split strongly quasipositive links of braid index 2 or 3, even in the
non-fibred case. Further, since the Montesinos links M(1; 1/p, 1/q, 1/r) are not fibred ([Ni2,
Theorem 1.1], [Stoi, Theorem 3.3]), Theorem 1.3 combines with part (1) of the theorem to
imply the following corollary.
Corollary 1.9. Conjecture 1.2 holds for fibred strongly quasipositive links of braid index 2 or
3. 
We noted above that L-space knots are prime, fibred, and strongly quasipositive, so Theorem
1.3 and Theorem 1.8 also imply
Corollary 1.10. If K is a non-trivial L-space knot of braid index 2 or 3 and some Σn(K) is an
L-space, then K is one of the torus knots T (2,m) where m ≥ 3 is odd, T (3, 4), or T (3, 5). 
Our next corollary follows immediately from Theorem 1.3 and the equivalence of (a) and (b)
in part (1) of Theorem 1.8.
Corollary 1.11. Suppose that L is a strongly quasipositive link of braid index 2 or 3. If Σn(L)
is an L-space for some n ≥ 2, then Σ2(L) is an L-space. 
Experimental evidence suggests that if L is a link for which Σn(L) is an L-space for some n ≥ 2,
then Σr(L) is an L-space for each 2 ≤ r ≤ n. In §10 we verify this in all but three cases of
strongly quasipositive links of braid index 2 or 3.
Proposition 1.12. Suppose that L is a strongly quasipositive link of braid index 2 or 3 for
which Σn(L) is an L-space for some n ≥ 2. If L is not an appropriately oriented version of one
of the links 622, 6
2
3 or 7
3
1, then Σr(L) is an L-space for each 2 ≤ r ≤ n.
See §10.2.3 for a discussion of the exceptional cases L = 622, 623, 731 and in particular Remark
10.8 for a description of what remains to be done to deal with these open cases.
By a basket we mean a positive Hopf plumbed basket in the sense of [Ru1]. These are the
surfaces F in S3 constructed by successively plumbing some number of positive Hopf bands
onto a disk. The boundary of F is a basket link L, which is fibred with fiber F . Also, F is a
quasipositive surface, and so L is strongly quasipositive ([Ru1]). By Banfield ([Ban, Theorem
5.2] basket links coincide with strongly quasipositive links L with exponent k(L) ≥ 1.
Our next result produces examples of prime definite basket links L which are not simply laced
arborescent. We do this by considering basket links from the point of view of plumbing diagrams
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and studying the family of cyclic basket links L(Cm, p) associated to an m-cycle Cm incidence
graph.
Theorem 1.13. Let m ≥ 3 and p be integers with p odd and 0 < p < m.
(1) L(Cm, p) is prime, fibred and definite.
(2) L(Cm, p) is simply laced arborescent if and only if p = 1.
It follows from Theorem 1.5 and [Ban, Theorem 5.2] that for p > 1 odd, the BKL-exponent of
L(Cm, p), is 1. Our next result shows that even though these L(Cm, p) are fibred, definite and
not simply laced arborescent, they do not provide counterexamples to Conjecture 1.7.
Theorem 1.14. Suppose that p is odd.
(1) If p > 1 and n ≥ 3, then Σn(L(Cm, p)) is not an L-space.
(2) If p > 1, then Σ2(L(Cm, p)) admits a co-oriented taut foliation and hence is not an L-space.
(3) Σn(L(Cm, 1)) is an L-space if and only if either n = 2 or n = m = 3.
By Lemma 9.6 the links L(Cm, p) with p odd are the only definite basket links whose incidence
graph is an m-cycle, m ≥ 3. Hence Theorems 1.3, 1.13 and 1.14 give the following corollary.
Corollary 1.15. If L is a basket link whose incidence graph is an m-cycle, m ≥ 3, then Σn(L)
is an L-space for some n ≥ 2 if and only if L is simply laced arborescent. 
This leads us to the following problem.
Problem 1.16. Determine the definite basket links and which of those have L-space branched
cyclic covers.
In §2 we discuss background material on basket links, their BKL braid representations, and their
symmetrised Seifert forms. In §3 we classify definite strongly quasipositive 3-braids leading to
a proof of Theorem 1.8 and that of Theorem 1.5 for strongly quasipositive links of braid index
3 or less. Section 4 describes the Seifert form of a basket link in terms of a BKL-positive
braid representation b = δnP . This is then used to determine conditions guaranteeing that
its symmetrised Seifert form is indefinite in §5 and conditions guaranteeing it is congruent to
E6, E7, or E8 in §6. Sections 7 and 8 prove Theorem 1.5 for strongly quasipositive links of
braid index 4 and n ≥ 5 respectively. In §9 we introduce cyclic basket links and prove Theorem
1.13 and Theorem 1.14. Finally, in §10 we determine the pairs (b, n) where b is a strongly
quasipositive 3-braid for which Σn(̂b) is an L-space except for a finite number of cases. The
third table in §10.2.2 lists what is known to us and what remains open. Proposition 1.12 follows
from this analysis.
Acknowledgements. This paper originated during the authors’ visits to the winter-spring
2017 thematic semester Homology theories in low-dimensional topology held at the Isaac Newton
Institute for the Mathematical Sciences Cambridge (funded by EPSRC grant no. EP/K032208/1).
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2. BKL-positive braids and basket links
Figure 1 illustrates our convention for relating topological and algebraic braids, and for the
orientations on the components of braid closures. These differ from those of Murasugi [Mu1]
by replacing σi by σ
−1
i and those of Birman-Ko-Lee [BKL] and Baldwin [Bld] by replacing σi
by σn−i.
n  1 n1 2 3 4
. . .
. . .
1
Figure 1. δn = σ1σ2 · · ·σn−1
2.1. BKL-positive braids. The geometric braid corresponding to the Birman-Ko-Lee gener-
ator ars of Bn (cf. (1.0.1)) is depicted in Figure 2. It is clear that ars = σr when s = r+1. The
· · · · · ·
1 r s n
· · ·
1 r s n
1
Figure 2. ars
classic braid relations show that ars = (σrσr+1 . . . σs−2)σs−1(σrσr+1 . . . σs−2)−1 has an alternate
expression:
(2.1.1) ars = (σr+1σr+2 . . . σs−1)−1σr(σr+1σr+2 . . . σs−1)
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Recall the dual Garside element δn = σ1σ2 . . . σn−1 ∈ Bn from the introduction. The nth power
of δn generates the centre of Bn and if we define ar+1,n+1
1 to be a1,r+1, then the reader will
verify that for all 1 ≤ r < s ≤ n we have
(2.1.2) δnarsδ
−1
n = ar+1,s+1
Remark 2.1. Identity (2.1.2) has a geometric interpretation. Think of the n strands of the
trivial braid in Bn as I-factors of S
1×I based at the nth roots of unity. A general element of Bn
is obtained by adding half twists to these numbered strands in the usual way. If s ≤ n− 1, the
algebraic identity δnarsδ
−1
n = ar+1,s+1 states that the braid element obtained by conjugating ars
by δn is the geometric braid obtained by rotating the geometric braid ars around the S
1-factor
of S1 × I by 2pin . This remains true even when s = n, for in this case if we follow the rotation
by an isotopy of the half-twisted band corresponding to ars through the point at ∞ of a plane
transverse to S1 × I, we obtain a1,r+1.
The relations in the Birman-Ko-Lee presentation are
arsatu = atuars if (t− r)(t− s)(u− r)(u− s) > 0(2.1.3)
and
arsast = artars = astart if 1 ≤ r < s < t ≤ n(2.1.4)
We say that two BKL generators ars and atu are linked if either r < t < s < u or t < r < u < s.
Relation (2.1.3) states that ars commutes with atu if {r, s}∩{t, u} = ∅ and they are not linked.
The converse holds; if ars and atu commute, then {r, s} ∩ {t, u} = ∅ and they are not linked
([BKL]).
We say that a BKL-positive word P covers σi if there is a letter ars of P for which r ≤ i < s.
The reader will verify that if a BKL-positive word P covers σi and P
′ ∈ Bn is a BKL-positive
rewriting of P , then P ′ covers σi.
The span of a BKL-positive letter ars is s− r.
2.2. The quasipositive Seifert surface of a basket link. Let b ∈ Bn to be a braid of the
form
b = δnP
where P is a BKL-positive braid. Since b is a strongly quasipositive braid it determines a
quasipositive surface F (b) with oriented boundary b̂ obtained by attaching negatively twisted
bands, one for each letter of b, to the disjoint union of n disks in the usual way. See Figure 3.
The assumption that b = δnP implies that F (b) is connected. Hence it minimizes the first Betti
number of the Seifert surfaces for b̂. It is readily calculated that b1(F (b)) = lBKL(b)− (n− 1)
where lBKL(b) denotes the number of generators ars, counted with multiplicity, which occur in
b.
Recall the BKL-exponent k(L) we defined for strongly quasipositive links L (cf. (1.0.3)).
1For clarity, we will introduce a comma between the two parameters of the BKL generators from time to time.
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 8
1
Figure 3. Quasipositive surface
Lemma 2.2. For L a strongly quasipositive link, 0 ≤ k(L) <∞.
Proof. Let L be a strongly quasipositive link, and let b ∈ Bn be a braid of the form δknP where
k ≥ 0, n ≥ 2, P is BKL-positive, and b̂ = L. If every such representation of L has k = 0 then
k(L) = 0 and we are done. So suppose that L = b̂ is as above with k ≥ 1. Then F = F (b) is a
fibre surface for L ([Ban]) and hence independent of the choice of such a representation. From
above, the first Betti number b1(F ) of F is given by lBKL(b)−(n−1) = (k−1)(n−1)+lBKL(P ),
from which we see that k is bounded above by b1(F ) + 1. 
2.3. Reducing braid indices. Let L be a basket link for which k(L) ≥ 2 and set
n(L) = min{n : L = b̂ where b = δknP, n ≥ 1, k ≥ 2, and P ∈ Bn is BKL-positive}
Lemma 2.3. If b = δ2nP where P does not cover σ1 or σn−1, then n(̂b) < n.
Proof. Suppose that P does not cover σ1. Since
δ2n = (σ1σ2 . . . σn−1)(σ1σ2 . . . σn−1)
= (σ1σ2σ1)(σ3 . . . σn−1)(σ2 . . . σn−1)
= (σ2σ1σ2)(σ3 . . . σn−1)(σ2 . . . σn−1)
= (σ2σ1)(σ2 . . . σn−1)(σ2 . . . σn−1),
we have b = (σ2σ1)(σ2 . . . σn−1)(σ2 . . . σn−1)P , in which σ1 occurs as a letter exactly once. Then
b̂ = b̂′ where b′ = (σ2 . . . σn−1)2Pσ2, which completes the proof.
A similar argument deals with the case that P does not cover σn−1. 
Lemma 2.4. Suppose that b = δ2nP where P is BKL-positive and contains a letter ars which
commutes with all other letters of P and that there are no letters atu of P such that r < t <
u < s. Then n(̂b) < n.
Proof. We use “∼” to denote “conjugate to” in what follows.
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Write P = P1arsP2 where P1, P2 are BKL-positive. By (2.1.2), conjugating b by δ
1−r
n yields
b′ = δ2nP
′
1a1s′P
′
2 = P
′′
1 δ
2
na1s′P
′
2 ∼ δ2na1s′P ′2P ′′1
where P ′1, P ′2, P ′′1 are BKL-positive words and there are no letters atu of P ′2P ′′1 such that 1 <
t < u < s. Hence, without loss of generality r = 1. Then P = am1sP
′ where for each letter atu
of P ′ we have t, u ∈ {s+ 1, s+ 2, . . . , n}.
If s = 2, then
b = δ2nσ
m
1 P
′ = δ2nP
′σm1 ∼ (σm+11 σ2σ3 . . . σn−1)(σ1σ2 . . . σn−1)P ′
= (σm+11 σ2σ1)(σ3 . . . σn−1)(σ2 . . . σn−1)P
′
= (σ2σ1σ
m+1
2 )(σ3 . . . σn−1)(σ2 . . . σn−1)P
′,
which has the same closure as
(σm+22 )(σ3 . . . σn−1)(σ2 . . . σn−1)P
′ ∼ (σ2σ3 . . . σn−1)(σ2 . . . σn−1)P ′σm+12
This implies the conclusion of the lemma.
If s ≥ 3, then σ1 commutes with P ′ so as a1s = σ1a2sσ−11 , we have
b = δ2nσ1a
m
2sσ
−1
1 P
′ = δ2nσ1a
m
2sP
′σ−11 ∼ (σ2σ3 . . . σn−1)(σ1σ2 . . . σn−1)σ1aj2sP ′
= (σ2σ3 . . . σn−1)((σ1σ2σ1)σ3 . . . σn−1)am2sP
′
= (σ2σ3 . . . σn−1)((σ2σ1σ2)σ3 . . . σn−1)am2sP
′
which has the same braid closure as
(σ2σ3σ4 . . . σn−1)(σ22σ3 . . . σn−1)P
′ = ((σ2σ3σ2)σ4 . . . σn−1)(σ2 . . . σn−1)P ′
= (σ3σ2σ3σ4 . . . σn−1)(σ2 . . . σn−1)P ′
∼ (σ2σ3 . . . σn−1)(σ2 . . . σn−1)P ′σ3,
which implies the conclusion of the lemma. 
2.4. The symmetrised Seifert forms of basket links. Symmetrised Seifert forms are even
symmetric bilinear forms. In particular, if b = δnP (as above) is a basket link, the symmetrised
Seifert form of the quasipositive surface F (b) is an even symmetric bilinear form which we
denote by
F(b) : H1(F (b))×H1(F (b))→ Z
We say that b is definite if F(b) is definite. Note that with respect to standard orientation
conventions, if b is definite then F(b) is negative definite2 and in this case we will see in §4 that
F(b) is a root lattice. See Remark 4.3. In particular, it is congruent to an orthogonal sum of
the simply laced arborescent forms Am, Dm, E6, E7, and E8
3. Here are some simple examples
of such braids whose associated forms are simply laced arborescent (cf. [Baa]). Braids in the
same row are equal modulo rewriting, conjugation, and (de)stabilisation.
2This holds more generally for the symmetrised Seifert form of the closure of any BKL positive braid.
3We consider the negative definite versions of these forms in this paper.
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Form B2 B3 B3 B4 B5 Braid Closure
Am (m ≥ 1) δm+12 δ3σm1 σm+11 σ2 T (2,m+ 1)
Dm (m ≥ 4) δ33σm−41 σm−21 σ2σ21σ2 P (−2, 2,m− 2) (= T (3, 3) when m = 4)
E6 δ
4
3 σ
3
1σ2σ
3
1σ2 δ
3
4 P (−2, 3, 3) = T (3, 4)
E7 δ
4
3σ1 σ
4
1σ2σ
3
1σ2 P (−2, 3, 4)
E8 δ
5
3 σ
5
1σ2σ
3
1σ2 δ
3
5 P (−2, 3, 5) = T (3, 5)
Given two BKL-positive words b, b′ ∈ Bn, we say that b contains b′ as a subword if there are
BKL-positive words a, c ∈ Bn such that b = ab′c.
More generally, we say that b contains b′, written b ⊇ b′, if b′ can be obtained from b by
deleting some BKL-positive letters. If b′ ⊆ b, then F (b′) ⊆ F (b) and the inclusion-induced
homomorphism H1(F (b
′))→ H1(F (b)) is injective with image a direct summand of H1(F (b)).
Consequently, F(b′) is a primitive sublattice of F(b).
For P a BKL-positive word, set
r(P ) = max{s : δsn ⊆ P}
Then if b = δknP , b ⊇ δk+r(P )n and therefore F(b) contains F(δk+r(P )n ) as a sublattice. The braid
closure of δ
k+r(P )
n is the (k + r(P ), n) torus link T (k + r(P ), n) and from the table above we
see that F(T (k + r(P ), n)) is definite in certain cases: F(T (2, n)) ∼= An−1, F(T (3, 3)) ∼= D4,
F(T (3, 4)) ∼= E6, and F(T (3, 5)) ∼= E8. The converse is also true.
Lemma 2.5. ([Baa, Theorem 1]) δkn is definite if and only if {k, n} is {2, n}, {3, 3}, {3, 4}, or
{3, 5}. Consequently, if n ≥ 3 and b = δknP is BKL-positive and definite, then k+r(P ) ≤ 5. 
3. Definite strongly quasipositive 3-braids
The goal of this section is to prove Theorem 1.8.
3.1. Minimal representatives of strongly quasipositive 3-braids. Recall that strongly
quasipositive 3-braids P are reduced products of words of the form σp1 , a
q
13, σ
r
2 where p, q, r > 0.
We define the syllable length of a particular strongly quasipositive expression for P to be the
number of such words in its expression.
Given a strongly quasipositive 3-braid b, choose a braid δk3P from among its strongly quasiposi-
tive conjugates and their strongly quasipositive rewritings, for which k is maximal and for such
maximal k, for which P has minimal syllable length. Then P does not contain the subwords
σ1σ2, σ2a13, a13σ1 as each of these equals δ3 which can be moved to the left through P to yield
a strongly quasipositive rewriting b = δk+13 P
′, contrary to our choices. If P 6= 1, we can assume
that its first letter is σ1 after conjugating by an appropriate power of δ3. Then there are words
w1, w2, . . . , ws (s ≥ 0) of the form
wi = σ
pi
1 a
qi
13σ
ri
2
with pi, qi, ri > 0 for each i, such that P = w1w2 . . . wsP
′ where P ′ ∈ {1, σp1 , σp1aq13} for some
p, q ≥ 1.
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We call an expression for b of the sort just described a minimal representative of its conjugacy
class.
Lemma 3.1. Let δk3P be a minimal representative for a strongly quasipositive braid b where
P = w1w2 . . . wsP
′ with P ′ ∈ {1, σp1 , σp1aq13} as above.
(1) Suppose that s = 0. Then b is either δk3 , or δ
k
3σ
p
1 for some p ≥ 1, or δk3σp1aq13 where k ≡ 1
(mod 3) and p, q ≥ 1. In all cases, b is conjugate to a positive braid.
(2) Suppose that s > 0. Then
P =

w1w2 . . . ws if k ≡ 0 (mod 3)
w1w2 . . . wsσ
ps+1
1 a
qs+1
13 if k ≡ 1 (mod 3)
w1w2 . . . wsσ
ps+1
1 if k ≡ 2 (mod 3)
Proof. First suppose that s = 0. Then b = δk3P where P ∈ {1, σp1 , σp1aq13}. If P is either 1 or σp1 ,
we are done. Assume then that P = σp1a
q
13. If k ≡ 0 (mod 3), then b ∼ (aq13δk3 )σp1 = (δk3aq13)σp1 =
δk3σ1σ
q
2σ
p−1
1 = δ
k+1
3 σ
q−1
2 σ
p−1
1 , which contradicts the maximality of k. If k ≡ 2 (mod 3), then
b ∼ (aq13δk3 )σp1 = (δk3σq1)σp1 = δk3σp+q1 , which contradicts the minimality of the syllable length of
P . Thus, k ≡ 1 (mod 3). Finally observe that δ3(δk3σp1aq13)δ−13 is the positive braid δk3σp2σq1.
Next suppose that s > 0.
If k ≡ 0 (mod 3) and P ′ = σp1aq13 for some p, q ≥ 1, then
δk3P ∼ δk3σp1aq13w1w2 . . . ws = δk3σp1δ3σq−12 w′1w2 . . . ws = δk+13 ap13σq−12 w′1w2 . . . ws,
where w′1 = σ
p1−1
1 a
q1
13σ
r1
2 , which contradicts the maximality of k. On the other hand, if k ≡ 0
(mod 3) and P ′ = σp1 then
δk3P ∼ σp1δk3w1w2 . . . ws = δk3σp1w1w2 . . . ws = δk3w′1w2 . . . ws
where w′1 = σ
p1+p
1 a
q1
13σ
r1
2 , which contradicts the minimality of the syllable length of P . Thus
P ′ = 1.
If k ≡ 1 (mod 3) and P ′ = σp1 for some p ≥ 1 then
δk3P ∼ σp1δk3w1w2 . . . ws = δk3ap13w1w2 . . . ws = δk+13 σp−12 σp1−11 aq113σr12 w2 . . . ws,
which contradicts the maximality of k. On the other hand, if k ≡ 1 (mod 3) and P ′ = 1 then
δk3P ∼ σrs2 δk3w1 . . . ws−1σps1 aqs13 = δk3σrs1 w1w2 . . . ws−1σps1 aqs13 = δk3w′1w2 . . . ws−1σps1 aqs13
where w′1 = σ
rs+p1
1 a
q1
13σ
r1
2 , which contradicts the minimality of the syllable length of P . Thus
P ′ = σp1a
q
13 for some p, q ≥ 1.
Finally, if k ≡ 2 (mod 3) and P ′ = 1 then
δk3P ∼ σrs2 δk3w1w2 . . . ws−1σps1 aqs13 = δk3ars13w1 . . . ws−1σps1 aqs13
= δk+13 σ
rs−1
2 σ
p1−1
1 a
q1
13σ
r1
2 w2 . . . ws−1σ
ps
1 a
qs
13,
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 12
which contradicts the maximality of k. On the other hand, if k ≡ 2 (mod 3) and P ′ = σp1aq13
for some p, q ≥ 1 then
δk3P ∼ aq13δk3w1 . . . wsσp1 = δk3σq1w1w2 . . . wsσp1 = δk3w′1w2 . . . wsσp1
where w′1 = σ
q+p1
1 a
q1
13σ
r1
2 , which contradicts the minimality of the syllable length of P . Thus
P ′ = σp1 for some p ≥ 1. 
3.2. The Murasugi normal form of strongly quasipositive 3-braids. In order to cal-
culate the signature of the closure of δk3P , we determine the Murasugi normal form for its
conjugacy class.
Lemma 3.2. Suppose that p, q, r are three positive integers.
(1) σp1 = σ
−1
2 (σ
−1
1 σ
p−1
2 δ3)σ1.
(2) σp1a
q
13 = σ
−1
2 (σ
−1
1 σ
p−1
2 σ
−1
1 σ
q−1
2 δ
2
3)a13
(3) σp1a
q
13σ
r
2 = σ
−1
2 (δ
3
3σ
−1
1 σ
p−1
2 σ
−1
1 σ
q−1
2 σ
−1
1 σ
r−1
2 )σ2.
Proof. We have,
σp1 = σ
−1
2 σ2σ
p
1 = σ
−1
2 (σ2δ
−1
3 σ
p
2δ3) = σ
−1
2 (σ
−1
1 σ
p−1
2 δ3σ1) = σ
−1
2 (σ
−1
1 σ
p−1
2 δ3)σ1,
and
σp1a
q
13 = σ
−1
2 (σ2σ
p
1a
q
13) = σ
−1
2 (σ2δ
−1
3 σ
p
2δ
−1
3 σ
q
2δ
2
3) = σ
−1
2 (σ
−1
1 σ
p−1
2 σ
−1
1 σ
q−1
2 δ
2
3)a13,
and finally
σp1a
q
13σ
r
2 = σ
−1
2 (σ2σ
p
1a
q
13σ
r−1
2 )σ2 = σ
−1
2 (δ3σ1a
p
13σ
q
2δ
−1
3 σ
r−1
2 )σ2
= σ−12 (δ
2
3a13σ
p
2δ
−1
3 σ
q
2δ
−1
3 σ
r−1
2 )σ2
= σ−12 (δ
3
3σ2δ
−1
3 σ
p
2δ
−1
3 σ
q
2δ
−1
3 σ
r−1
2 )σ2
= σ−12 (δ
3
3σ
−1
1 σ
p−1
2 σ
−1
1 σ
q−1
2 σ
−1
1 σ
r−1
2 )σ2

Proposition 3.3. Let δk3P be a minimal representative for a strongly quasipositive 3-braid b
where P = w1w2 . . . wsP
′ with P ′ ∈ {1, σp1 , σp1aq13} as above. Suppose that s > 0.
(1) If k = 3r, then b ∼ δ3(r+s)3
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2 ;
(2) If k = 3r + 1, then b ∼ δ3(r+s+1)3
( s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ−11 σ
ps+1−1
2 σ
−1
1 σ
qs+1−1
2 ;
(3) If k = 3r + 2, then b ∼ δ3(r+s+1)3
( s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ−11 σ
ps+1−1
2 .
Proof. Suppose that k = 3r. Then Lemma 3.1(2) and Lemma 3.2(3) show that
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b = δk3
s∏
i=1
σpi1 a
qi
13σ
ri
2 = δ
3r
3
s∏
i=1
σ−12
(
δ33σ
−1
1 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ2
= σ−12
(
δ
3(r+s)
3
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ2,
which is Assertion (1).
Suppose that k = 3r + 1. Lemma 3.1(2) and Lemma 3.2(2) show that
b = δ3r+13
( s∏
i=1
σpi1 a
qi
13σ
ri
2
)
σ
ps+1
1 a
qs+1
13
= δ3r+13
(
σ−12
(
δ3s3
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ2
)(
σ−12
(
σ−11 σ
ps+1−1
2 σ
−1
1 σ
qs+1−1
2 δ
2
3
)
a13
)
= a−113
(
δ3r+3s+13
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)(
σ−11 σ
ps+1−1
2 σ
−1
1 σ
qs+1−1
2 δ
2
3
)
a13
= (δ23a13)
−1δ3(r+s+1)3
( s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)(
σ−11 σ
ps+1−1
2 σ
−1
1 σ
qs+1−1
2
)
(δ23a13)
This is Assertion (2).
Finally, suppose that k = 3r + 2. Lemma 3.1(2) and Lemma 3.2(1) show that
b = δ3r+23
( s∏
i=1
σpi1 a
qi
13σ
ri
2
)
σ
ps+1
1
= δ3r+23
(
σ−12
(
δ3s3
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)
σ2
)(
σ−12
(
σ−11 σ
ps+1−1
2 δ3
)
σ1
)
= σ−11
(
δ3r+3s+23
s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)(
σ−11 σ
ps+1−1
2 δ3
)
σ1
= (δ3σ1)
−1δ3(r+s+1)3
( s∏
i=1
σ−11 σ
pi−1
2 σ
−1
1 σ
qi−1
2 σ
−1
1 σ
ri−1
2
)(
σ−11 σ
ps+1−1
2
)
(δ3σ1)
This completes the proof. 
3.3. Definite strongly quasipositive 3-braids. Murasugi [Mu1] and Erle [Erle] have deter-
mined the signatures of the closures of 3-braids.
Proposition 3.4. Suppose that b = δ3d3 σ
−1
1 σ
a1
2 σ
−1
1 σ
a2
2 · · ·σ−11 σan2 where each aj ≥ 0. Then
there is an integer (d) ∈ {−1, 0, 1} congruent to d (mod 2) such that
σ(̂b) =
{
n− 4d− 1 + (d) if each aj = 0
n− 4d−∑ni=1 ai if some aj 6= 0

Proposition 3.5. Let δk3P be a minimal representative for a strongly quasipositive 3-braid b
where P = w1w2 . . . wsP
′ with P ′ ∈ {1, σp1 , σp1aq13} as above.
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(1) If P = 1, then b̂ = T (3, k). In particular, b̂ is definite if and only if b = δk3 where k ≤ 5.
(2) If P 6= 1 and s = 0, then b is definite if and only if either
(a) b = δk3σ
p
1 for some p ≥ 1 where k ≤ 3 or k = 4 and p ∈ {1, 2}.
(b) b = δ3σ
p
1a
q
13 where p, q ≥ 1. In this case, b̂ = T (2, p+ 1)#T (2, q + 1).
(3) If P 6= 1, s > 0, and pi = qi = ri = 1 for all values of i, then b is definite if and only if
b = σ1a13σ2.
(4) If k = 3r, s > 0, and max{pi, qi, ri} ≥ 2, then b is definite if and only if b = σp11 aq113σr12 .
(5) If k = 3r + 1, s > 0, and max{pi, qi, ri} ≥ 2, then b is indefinite.
(6) If k = 3r + 2, s > 0, and max{pi, qi, ri} ≥ 2, then b is indefinite.
Proof. (1) This is well known.
(2) Lemma 3.1(1) implies that b is either δk3σ
p
1 for some p ≥ 1 or δk3σp1aq13 where k ≡ 1 (mod 3)
and p, q ≥ 1. Suppose that b is definite. If b = δk3σp1 for some p ≥ 1, then k ≤ 5 as b ⊃ δk3 . One
easily verifies that b is always definite if k = 0. Further,
b ∼

σp+11 σ2 if k = 1
σp+31 σ2 if k = 2
σp+21 σ2σ
2
1σ2 if k = 3
σp+31 σ2σ
3
1σ2 if k = 4
σp+21 σ2σ
3
1σ2σ
2
1σ2 if k = 5
The symmetrised Seifert form of b̂ is congruent to Ap, Ap+2, Dp+4 when k = 1, 2, 3, so is always
definite. When k = 4, it is E7, E8 when p = 1, 2 (cf. [Baa, page 351]), and therefore definite,
and is indefinite for p ≥ 3 (cf. fifth paragraph of [Baa, page 356]). The form is always indefinite
when k = 5, as is noted in the second paragraph of [Baa, page 356]. Thus b = δk3σ
p
1 is definite
if and only if k ≤ 3 or k = 4 and p ∈ {1, 2}.
Next suppose that b = δk3σ
p
1a
q
13 where k ≡ 1 (mod 3) and p, q ≥ 1. Write k = 3r + 1 where r
is a non-negative integer. If r ≥ 2, then b ⊃ δ63 , so is indefinite. If r = 0, then b = δ3σp1aq13 ∼
δ3σ
p
2σ
q
1 ∼ σq+11 σp+12 . Then b̂ = T (2, q + 1)#T (2, p+ 1), so is definite. If r = 1, then
b = δ43σ
p
1a
q
13 ∼ δ33σp1δ3σq2 = δ33σp+11 σq+12 ∼ δ23σp+11 (σq+12 σ1σ2)
= δ23σ
p+1
1 (σ1σ2σ
q+1
1 )
= δ23σ
p+2
1 σ2σ
q+1
1
∼ σp+21 σ2σq+21 σ2σ1σ2
= σp+21 σ2σ
q+3
1 σ2σ1
∼ σp+31 σ2σq+31 σ2
Since p + 3, q + 3 ≥ 4, b is indefinite by the fifth paragraph of [Baa, page 356]. Thus when
b = δk3σ
p
1a
q
13 where k ≡ 1 (mod 3) and p, q ≥ 1, it is definite if and only if k = 1.
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(3) Suppose that P 6= 1, s > 0, and pi = qi = ri = 1 for all values of i. Then Lemma 3.1(2)
implies that
b1(F (b)) =

6r + 3s− 2 if k = 3r
6r + 3s+ 2 if k = 3r + 1
6r + 3s+ 3 if k = 3r + 2
On the other hand, it follows from Proposition 3.3 that b ∼ δ3d(b)3 σ−e(b)1 where
d(b) =
{
s+ r if k = 3r
s+ r + 1 otherwise
and e(b) =

3s if k = 3r
3s+ 2 if k = 3r + 1
3s+ 1 if k = 3r + 2
Then Proposition 3.4 shows that
σ(̂b) = e(b)− 4d(b)− 1 + (d(b)) =

3s− 4(s+ r)− 1 + (s+ r) if k = 3r
(3s+ 2)− 4(s+ r + 1)− 1 + (s+ r + 1) if k = 3r + 1
(3s+ 1)− 4(s+ r + 1)− 1 + (s+ r + 1) if k = 3r + 2
=

−(s+ 4r)− 1 + (s+ r) if k = 3r
−(s+ 4r)− 3 + (s+ r + 1) if k = 3r + 1
−(s+ 4r)− 4 + (s+ r + 1) if k = 3r + 2
Then b̂ is definite if and only if
0 = b1(F (b)) + σ(̂b) =

2(r + s)− 3 + (s+ r) if k = 3r
2(r + s)− 1 + (s+ r + 1) if k = 3r + 1
2(r + s)− 1 + (s+ r + 1) if k = 3r + 2
(3.3.1)
Now if b ⊃ δk3 is definite, we have k ≤ 5. We assume this below. Then writing k = 3r+ t where
t = 0, 1, 2, we have r = 0, 1.
First suppose that r 6≡ s (mod 2). Since (d) ≡ d (mod 2), (3.3.1) implies that k = 3r ∈ {0, 3}
and 2(r + s) = 3 ± 1 ∈ {2, 4}. But r + s is odd by assumption, so r + s = 1. Since s ≥ 1 it
follows that r = 0, s = 1. Thus under our assumptions, when r 6≡ s (mod 2), b̂ is definite if and
only if b = σ1a13σ2.
Next suppose that r ≡ s (mod 2). In this case (3.3.1) implies that k ∈ {1, 2, 4, 5} and
2(r + s) = 1− (s+ r + 1)
Since r + s is even, it follows that r + s = 0. But this is impossible as r ≥ 0 and s ≥ 1. Thus
this case does not arise.
Remark 3.6. It follows from (2) that the braid (σ1a13σ2)
2 is indefinite. Thus so are the braids
considered in (4), (5) and (6) whenever s > 1.
(4) Suppose that k = 3r, s > 0, and max{pi, qi, ri} ≥ 2. We know that b is indefinite if s > 1 by
Remark 3.6, so by Lemma 3.1(2) suppose that b = σp11 a
q1
13σ
r1
2 where max{p1, q1, r1} ≥ 2. Then
b1(F (b)) = −2 + 6r + (p1 + q1 + r1)
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On the other hand, b ∼ δ3(1+r)3 σ−11 σp1−12 σ−11 σq1−12 σ−11 σr1−12 by Proposition 3.3 so it follows from
Proposition 3.4 that
σ(̂b) = 2− 4r − (p+ q + r)
Then b̂ is definite if and only if 0 = b1(F (b)) +σ(̂b) = 2(r+ 1)− 2 = 2r. This occurs if and only
if r = 0. Equivalently, b = σp11 a
q1
13σ
r1
2 .
(5) Suppose that k = 3r + 1, s > 0, and max{pi, qi, ri} ≥ 2. Since b is indefinite for s > 1, one
can suppose by Lemma 3.1(2) that b = σp11 a
q1
13σ
r1
2 σ
p2
1 a
q2
13. As b ⊃ σp11 aq113σr12 σp21 , part (5) is a
consequence of part (6).
(6) Suppose that k = 3r + 2, s > 0, and max{pi, qi, ri} ≥ 2. As in the previous two cases, by
Lemma 3.1(2) we can suppose that b = σp11 a
q1
13σ
r1
2 σ
p2
1 . In this case
b1(F (b)) = 6r + 4 + (p1 + q1 + r1 + p2)
On the other hand, b ∼ δ3(r+2)3 σ−11 σp1−12 σ−11 σq1−12 σ−11 σr1−12 σ−11 σp2−12 by Proposition 3.3 so it
follows from Proposition 3.4 that
σ(̂b) = −4r − (p1 + q1 + r1 + p2)
Then b̂ is definite if and only if 0 = b1(F (b)) + σ(̂b) = 2(r + 2). Since r ≥ 0, this is impossible.
Thus b̂ is indefinite. 
Corollary 3.7. Let b = δk3P be as above represent a non-trivial, non-split, prime link. Then b
is definite if and only if b is conjugate to one of
(1) σp1a
q
13σ
r
2 where p, q, r ≥ 1. In this case b̂ is the Montesinos link M(1; 1/p, 1/q, 1/r) and is
not a fibred link.
(2) δ3σ
m
1 where m ≥ 1. In this case b̂ is the torus link T (2,m + 1) and is fibred. Further,
F(b) ∼= Am.
(3) δ33σ
m−4
1 where m ≥ 4. In this case b̂ is the pretzel link P (−2, 2,m−2) and is fibred. Further,
F(b) ∼= Dm.
(4) δ43. In this case b̂ is the torus knot T (3, 4) and is fibred. Further, F(b) ∼= E6.
(5) δ43σ1. In this case b̂ is the pretzel link P (−2, 3, 4) and is fibred. Further, F(b) ∼= E7.
(6) δ53. In this case b̂ is the torus knot T (3, 5) and is fibred. Further, F(b) ∼= E8.
Proof. It is easy to verify that the closures of the braids listed in the corollary are as stated.
Further b̂ is not fibred in case (1) and fibred otherwise ([Ni2, Theorem 1.1], [Stoi, Theorem
3.3]). The symmetrised Seifert forms of the associated quasipositive surfaces are listed in §2.4.
To complete the proof of the corollary, we need to show that the corollary gives a complete list
of conjugacy class representatives of definite strongly quasipositive 3-braids whose closures are
non-trivial, non-split, and prime.
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Proposition 3.5 provides a complete list of conjugacy class representatives of definite strongly
quasipositive 3-braids:
• σp1aq13σr2 where p, q, r ≥ 1;
• δk3 where k ≤ 5;
• δk3σp1 where k ≤ 3 and p ≥ 1 or k = 4 and p ∈ {1, 2};
• δ3σp1aq13 where p, q ≥ 1.
Thus each of the braids listed in the corollary is definite. Suppose that b is one of the definite
braids listed in the proposition whose closure is non-trivial, non-split, and prime. Since b̂ is
prime, the case that b ∼ δ3σp1aq13 is excluded:
b ∼ σp+11 σq+12 ⇒ b̂ = T (p+ 1, 2)#T (q + 1, 2)
We also exclude the braids 1 and δ3 by the non-split and non-triviality conditions. It remains
to examine the braids δ23σ
p
1 where p ≥ 0 and δ43σ21. But if b = δ23σp1 where p ≥ 0, then
b = σ1σ2σ1σ2σ
p
1 ∼ σp+11 (σ2σ1σ2) = σp+11 (σ1σ2σ1) = σp+21 σ2σ1 ∼ σp+31 σ2 = σp+21 δ3 ∼ δ3σp+21 ,
which is listed in (2). And if b = δ43σ
2
1, then b ∼ σ1δ43σ1 = δ43a13σ1 = δ43δ3 = δ53 , which is (6). 
3.4. The proof of Theorem 1.8. Suppose that L is a non-split, non-trivial, strongly quasi-
positive link of braid index 3. Stoimenow has shown that strongly quasipositive links of braid
index 3 are the closures of strongly quasipositive 3-braids ([Stoi, Theorem 1.1]), so without
loss of generality we can suppose that L = b̂ where b = δk3P is a minimal representative of a
conjugacy class of strongly quasipositive 3-braids.
We know that b̂ is definite if and only if it is one of the links listed in (1) through (6) of Corollary
3.7, which shows the equivalence of statements (a) and (c) of part (1) of the theorem. In each
of the six cases Σ2(̂b) is an L-space: the links in (1) are alternating ([OS2, Proposition 3.3])
while those in (2), (3), (4), (5), and (6) have 2-fold branched covers with finite fundamental
groups. Conversely, Theorem 1.3 shows that b is definite if Σ2(̂b) is an L-space. Thus (a) and
(b) of part (1) of the theorem are equivalent, which completes the proof of (1).
Positive braids are fibred [Sta], which is one direction of (2). For the other direction, suppose
that b̂ is fibred. Then the minimal representative of b has k ≥ 1 ([Ni2, Theorem 1.1], [Stoi,
Theorem 3.3]). If it is also definite, Proposition 3.5 implies that it is conjugate to a braid of
the form δk3σ
m
1 , for some k ≥ 1 and m ≥ 0, or δ3σp11 aq113 = σp12 σq11 δ3, each of which is a positive
braid. This proves (2).
4. Seifert forms of basket links
Suppose that b = δnP is a BKL-positive word. Each letter ars of P determines a primitive
element α of H1(F (b)) as depicted in Figure 4.
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 18
1
Figure 4. The class associated to ars
Here, a representative cycle for α consists of an arc which passes over the band in F (b)
corresponding to ars and then descends to pass over the bands corresponding to the letters
σr, σr+1, . . . , σs−1 of the initial δn factor of b. The set of all such α forms a basis for H1(F (b)).
Remark 4.1. Recall that δnbδ
−1
n = δnP
′ where a letter ars of P is converted to ar+1,s+1 if
s ≤ n− 1 and a1,r+1 if s = n (cf. Identity (2.1.2)). We noted in Remark 2.1 that the geometric
braid b′ = δnP ′ can be obtained by rotating the geometric braid of δnP through an angle of 2pin .
It’s easy to see that F (b′) can also be obtained from F (b) by a rotation of 2pin . This rotation
takes the class α associated to ars described above to the class associated to ar+1,s+1 if s ≤ n−1
and the negative of the class associated to a1,r+1 if s = n.
We are interested in the Seifert form on H1(F (b)) and as such we need to calculate the linking
numbers lk(α+, β) where α, β ∈ H1(F (b)) are classes corresponding to letters of P . Here, α+ is
represented by the cycle obtained by pushing a representative cycle for α to the positive side of
F (b). Given our orientation convention for braid closures (cf. Figure 1), the side of F (b) which
is shaded in Figure 4 is its negative side.
Lemma 4.2. Suppose that b = δnP is a BKL-positive word and that P = a1a2 . . . am where each
ai is one of the BKL generators. Let α1, α2, . . . , αm be the associated basis elements of H1(F (b)).
Fix 1 ≤ i, j ≤ m and suppose that αi corresponds to the letter ars while αj corresponds to atu.
Then
lk(α+i , αj) =

−1 if either i = j or i > j and r ≤ t < s ≤ u
1 if i > j and t < r ≤ u < s
0 otherwise
Proof. If r < s < t < u, consideration of the cycles representing αi and αj shows that they
are separated by a 2-sphere in S3. Thus lk(α+i , αj) = 0. It then follows that the same holds
whenever t < r < s < u, or t < u < r < s, or r < t < u < s. Indeed, in each of these cases we
can simultaneously conjugate ars and atu by a power of δn to obtain new letters ar′s′ and at′u′
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where r′ < s′ < t′ < u′. Remark 4.1 shows that this conjugation changes linking numbers at
most up to sign, so lk(α+i , αj) = 0.
Next, if t < u = r < s the cycles representing α+i and αj are separated by a 2-sphere; this is
obvious if i < j and is easy to see by considering the cycles representing αi and αj if j < i. Thus
lk(α+i , αj) = 0. Remark 4.1 then implies, as in the previous paragraph, that lk(α
+
i , αj) = 0
whenever r < t < s = u or r = t < s < u < s.
In the case that r < s = t < u, it is easy to see that
lk(α+i , αj) =
{
0 if i < j
1 if j < i
Remark 4.1 then implies that
lk(α+i , αj) =
{
0 if i < j
−1 if j < i
when r < t < s = u or r = t < s < u < s then
The final three cases to consider are when i = j, or i 6= j and r < t < s < u, or i 6= j and
t < r < s < u. Before dealing with these cases we need to make an observation.
Let Di be the 2-disk in F (b) with boundary the i
th component of the trivial n-braid and
suppose that b contains a word ar0r1ar1r2 · · · ark−1rk . Let A be a smooth arc in the interior of
F (b) obtained by concatenating a core of the half-twisted band in F (b) corresponding to ar0r1 ,
an arc properly embedded in Dr1 , a core of the band corresponding to ar1r2 , an arc properly
embedded in Dr2 , etc., ending with a core of the 1-handle corresponding to ark−1rk . Thinking of
A as a properly embedded arc in the union X of Dr0 , Dr1 , . . . , Drk and the bands corresponding
to ar0r1 , ar1r2 , . . . ark−1rk , the reader will verify that A has a tubular neighbourhood in X which
is isotopic (rel X ∩ (Dr0 ∪Drk)) to a half-twisted band corresponding to ar0rk . It follows that
the boundary of a tubular neighbourhood of the cycle corresponding to ars is a Hopf band
whose components have linking number is −1 when they are like-oriented. Hence,
lk(α+i , αi) = −1,
which is the case i = j.
Suppose that i 6= j and r < t < s < u. From the previous paragraph we see that if we replace
atu by atsasu and let αj(1), αj(2) correspond to ats and asu respectively, then
lk(α+i , αj) = lk(α
+
i , αj(1)) + lk(α
+
i , αj(2))
Consideration of the cases r < t < s = u and r < s = t < u, which were handled above, implies
that lk(α+i , αj(1)) = 0 is zero while lk(α
+
i , αj(2)) =
{
0 if i < j
1 if j < i
. Thus
lk(α+i , αj) =
{
0 if i < j
1 if j < i
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Finally, an application of Remark 4.1 shows that if i 6= j and t < r < s < u, then
lk(α+i , αj) =
{
0 if i < j
−1 if j < i

Remark 4.3. The lemma shows thatH1(F (b)) is generated by elements α for which F(b)(α, α) =
−2. Hence, when F(b) is definite, it is a root lattice.
5. Some indefinite BKL-positive words
Lemma 5.1. Suppose that b = δknP is a BKL-positive n-braid.
(1) If P contains a letter of span l where 4 ≤ l ≤ n− 4, then b is indefinite.
(2) If P contains a letter of span 3 or n− 3, then
(a) b is indefinite if n ≥ 9.
(b) F(b) contains a primitive En sublattice for n = 6, 7, 8.
(3) If P contains the square of a letter of span 2 or n− 2, then
(a) b is indefinite if n ≥ 8.
(b) F(b) contains a primitive En+1 sublattice for n = 5, 6, 7.
Proof. After conjugating by an appropriate power of δn we can suppose that b ⊇ δ2na1,l+1.
Figure 5 depicts a schematic of the braid δ2na1,l+1.
l
↵
 
 
 
1
Figure 5. A schematic of the braid δ2na1,l+1
Lemma 4.2 shows that if η, ζ are any two of the classes shown in Figure 5 then F(η, ζ) = −2 if
η = ζ and is 0 or ±1 otherwise. In fact, the classes define a sublattice of F(b) corresponding to
the tree in Figure 6. The only trees with vertices of weight −2 and edges of weight ±1 whose
associated forms are definite correspond to the Dynkin diagrams associated to Am, Dm, E6, E7,
or E8 (see [HNK, pages 61-62]). It follows that F(b) is indefinite if 4 ≤ l ≤ n−4 or l ∈ {3, n−3}
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↵   
 
l   1 (n  1)  l
. . . .. .
1
Figure 6.
and n ≥ 9. If l ∈ {3, n−3} where n = 6, 7, or 8, the tree corresponds to a primitive En sublattice
of F(b). This completes the proof of parts (1) and (2) of the lemma.
A similar argument deals with part (3) where we can suppose that P contains a213. The graph
associated to the classes depicted in Figure 7 determines a sublattice of F(b) corresponding to
↵
 
 
 
 0
✏
1
Figure 7. A schematic of the braid δ2na
2
13
the tree in Figure 8. It follows that b is indefinite if n ≥ 8 and that F(b) contains a primitive
. . .
↵  
 
   0
✏
n  3
1
Figure 8.
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En+1 sublattice for n = 5, 6, 7. 
Recall that two BKL generators ars and atu are linked if either r < t < s < u or t < r < u < s.
Lemma 5.2. Suppose that b = δ2nP is a BKL-positive n-braid where P contains a pair of linked
letters. Then b is indefinite.
Proof. Suppose that P contains a product arsatu of linked letters. We can assume that r < t <
s < u. Otherwise we conjugate b by δn−u+1n .
Let α, β1, β2, . . . , βu−s, γ, θ be the elements of H1(F (b)) corresponding respectively to the letters
σs−1, σs, σs+1, . . . , σu−1 in the second δn, and ars and ast. (See Figure 4.) Set β = β1+· · ·+βu−s
From Lemma 4.2 the restriction of the Seifert form of F (b) to the span of α, β, γ, θ has matrix
−1 0 0 0
1 −1 0 0
−1 0 −1 0
0 −1 1 −1

Hence F(b)|〈α,β,γ,θ〉 is represented by the matrix
−2 1 −1 0
1 −2 0 −1
−1 0 −2 1
0 −1 1 −2

If ci is the i
th column of this matrix, then c1 + c2 − c3 − c4 = 0, so F(b) indefinite. 
Lemma 5.3. Suppose that b = δknP is a BKL-positive braid where P contains a pair of commut-
ing letters ars, atu each of whose spans are bounded between 2 and n− 2. Then b is indefinite.
Proof. Up to conjugation by a power of δn, we can suppose that 1 ≤ r < s < t < u ≤ n.
Consider Figure 9 which represents a braid contained in δ2nP . The associated graph is a tree
↵
 1
 
 
 3
 2
✏
 0
1
Figure 9.
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with two vertices of valency 3, as depicted in Figure 10, which implies that F(b) is indefinite. 
↵  1  2  3
 
  ✏
 0
1
Figure 10.
A 2-step descending staircase is a product
astars
where 1 ≤ r < s < t ≤ n. The letters ars and ast are the steps of the staircase.
Lemma 5.4. Suppose that b = δknP is a BKL-positive braid where P contains a descending
2-step staircase astars whose steps are of span 2 or more. Then b is indefinite.
Proof. Define classes in H1(F (b)) as follows
• θ1 corresponds to the class associated to σs−2;
• θ0 corresponds to the class associated to σs−1;
• θ2 corresponds to the class associated to σs;
• θ3 corresponds to the negative of the class associated to ars;
• θ4 corresponds to the class associated to ast;
It follows from Lemma 4.2 that F(b)(θi, θi) = −2 for each i, F(b)(θi, θj) ∈ {0, 1} for i 6= j, and
the associated graph is a tree with a vertex of valency 4. Hence, the restriction of F(b) to it is
indefinite. 
Lemma 5.5. If b = δ2nP is a BKL-positive definite n-braid and n(̂b) = n, then σ1 is contained
in some conjugate of P by a power of δn.
Proof. Lemma 2.3 implies that each conjugate of P by some δkn contains a letter of the form a1s′ .
Let s be the largest such s′. Without loss of generality we can suppose that P ⊇ a1s. If s < n,
Lemma 2.3 implies that P also contains a letter of the form arn. Then Lemma 5.2 shows that
s ≤ r. But then δnPδ−1n ⊇ δnarnδ−1n = a1,r+1, which is a contradiction since s ≤ r < r+ 1 ≤ n.
Thus s = n so that P ⊇ a1n. Then δnPδ−1n ⊇ σ1, which is what we set out to prove. 
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6. BKL-positive braids with forms E6, E7, and E8
In this section we identify certain situations under which the symmetrised Seifert form of a
basket is either E6, E7, or E8. In this case,
(6.0.1) (n− 1) + lBKL(P ) = rank H1(F (b)) =

6 if F(b) ∼= E6
7 if F(b) ∼= E7
8 if F(b) ∼= E8
6.1. Definite extensions of E6, E7, and E8. For convenience we use the positive definite
versions of E6, E7, and E8 in the next lemma.
Lemma 6.1. Suppose that A∗ =
(
A RT
R 2
)
is a symmetric bilinear positive definite form on
Zd where R = (0, 0, . . . , 0, 1). Then,
(1) A ∼= E6 implies that A∗ ∼= E7.
(2) A ∼= E7 implies that A∗ ∼= E8.
(3) A 6∼= E8.
Proof. We remark that E8 is the unique even symmetric, bilinear positive definite unimodular
lattice of rank 8 or less; E7 is the unique non-diagonalisable symmetric, bilinear positive definite
lattice of determinant 2 and rank 7 or less; and E6 is the unique non-diagonalisable symmetric,
bilinear positive definite lattice of determinant 3 and rank 6 or less. See the last paragraph of
the introduction of [Gri] for a discussion of these statements and further references.
Write A =
(
B ∗
∗ ∗
)
where B is a symmetric bilinear form on Zd−2 and observe that as A∗ is
positive definite, 0 < det(B) and 0 < det(A∗). On the other hand,
det(A∗) = 2 det(A)− det(B)
and therefore
0 < det(B) < 2 det(A)
If A ∼= E6, then det(A) = 3, so that 0 < det(B) < 6. On the other hand, B is an even form so it
can be written B = C+CT where C is a 5×5 matrix with integer coefficients. Then as C−CT
is skew-symmetric, 0 = det(C − CT ) ≡ det(C + CT ) (mod 2) = det(B). Thus det(B) ∈ {2, 4}.
If det(B) = 2, then B is a definite diagonal form (see the first paragraph of the proof) and hence
has determinant at least 32, a contradiction. Thus det(B) = 4 and therefore the determinant
of the even form A∗ is 2 det(A) − det(B) = 2. Another application of the remarks of the first
paragraph implies that A∗ ∼= E7.
If A ∼= E7 then det(A) = 2, so that 0 < det(B) < 4. On the other hand, B is an even form
of rank 6 and as there are no even unimodular lattices of rank less than 8, det(B) ∈ {2, 3}. If
B was a diagonalisable form its determinant would be at least 64, thus by the remarks in the
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 25
first paragraph it must be congruent to E6 and therefore have determinant 3. It follows that
det(A∗) = 1 and therefore A∗ is an even symmetric unimodular form on Z8. Consequently,
A∗ ∼= E8.
Finally suppose that A ∼= E8. Then det(A) = 1 so that 0 < det(B) < 2. Thus det(B) = 1,
implying that B is an even symmetric unimodular form of rank 7, a contradiction. This
completes the proof. 
Lemma 6.2. Let b0 ⊂ b = δnP be BKL-positive n-braids where lBKL(b) − lBKL(b0) = 1 and
F (b0) is connected. Let ars be the letter of b not contained in b0 and suppose that α ∈ H1(F (b))
corresponds to ars. Suppose as well that there is a class β ∈ H1(F (b0)) such that F(b)(α, β) =
±1.
(1) If F(b0) ∼= E6 and b is definite, then F(b) ∼= E7.
(2) If F(b0) ∼= E7 and b is definite, then F(b) ∼= E8.
(3) If F(b0) ∼= E8, then b is indefinte.
Proof. Up to replacing α by its negative, we can suppose that F(b)(α, β) = −1. Since β is
primitive, there is a basis {γ1, γ2, . . . , γr} of H1(F (b0)) where γr = β. After replacing γi by
γi + F(b)(γi, α)γr for 1 ≤ i ≤ r − 1 we can suppose that
F(b)(γi, α) =
{
0 if 1 ≤ i ≤ r − 1
−1 if i = r
The lemma now follows from Lemma 6.1 after replacing F(b) by −F(b). 
Corollary 6.3. Suppose that b = δ2nP ∈ Bn is a definite BKL-positive braid and P ⊃ P0 such
that F(δ2nP0) ∼= E6, E7 or E8. Then F(b) ∼= E6, E7 or E8.
Proof. There is nothing to prove if P0 = P so suppose otherwise and let P1 ⊆ P be obtained
from P0 by reinserting a letter ars of P \P0. Denote by α the associated class in H1(F (δ2nP1)).
For each 1 ≤ i ≤ n− 1, H1(F (δ2nP0)) contains the class associated to the letter σi of the second
δn factor of b = δ
2
nP and some such class β satisfies F(b)(α, β) = ±1 by Lemma 4.2. Lemma 6.2
then implies that F(δ2nP1) ∼= E7, or E8. The conclusion of the lemma now follows by induction
on the number of elements in P \ P0. 
6.2. Some BKL-positive braids with form E6, E7, or E8.
Lemma 6.4. Suppose that n ≥ 6 and that b = δ2nP is a BKL-positive definite n-braid. If P
contains a letter of span 3 or n− 3, then n ≤ 8 and F(b) ∼= E6, E7, or E8.
Proof. Conjugating by a suitable power of δn we may assume that P contains a14. According
to Lemma 5.1(2), n ≤ 8 and F(b) contains an Em sublattice for m = 6, 7, or 8. Inspection of
the proof of this lemma shows that P contains a subword P0 such that F(δ2nP0) ∼= Em. The
conclusion of the lemma then follows from Corollary 6.3. 
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Lemma 6.5. Suppose that n ≥ 5 and b = δ2nP is a definite BKL-positive n-braid. If P contains
the square of a letter of span 2 or n− 2, then n ≤ 7 and F(b) ∼= E6, E7, or E8.
Proof. Conjugating by a suitable power of δn we may assume that P contains a
2
13. Then by
Lemma 5.1(3), n ≤ 7 and F(b) contains an Em sublattice for m = 6, 7, or 8. Inspection of
the proof of this lemma shows that P contains a subword P0 such that F(δ2nP0) ∼= Em. The
conclusion of the lemma now follows from Corollary 6.3. 
An ascending (2, 2) pair is a BKL-positive word of the form ar,r+2ar+2,r+4.
Lemma 6.6. Suppose that n ≥ 5 and b = δ2nP is a definite BKL-positive n-braid. If P contains
an ascending (2, 2) pair, then n ≤ 7 and F(b) ∼= E6, E7, or E8.
Proof. Without loss of generality, we can suppose that P contains a13a35. Since
δ2na13a35 ∼ a35δ2na13 = δ2na213,
we see that up to conjugation, b = δ2nP where P contains the square of a letter of span 2. An
appeal to Lemma 6.5 then completes the proof. 
We call a product
ar0r1ar1r2 . . . ark−1rk
where 1 ≤ r0 < r1 < r2 < . . . < rk ≤ n a k-step ascending staircase and the letters ari−1ri are
the steps of the staircase. It follows from (2.1.4) that for each 1 ≤ i < j ≤ k,
ari−1riariri+1 . . . arj−1rj = ari−1rjari−1rj−1 . . . ari−1ri
so that up to rewriting, P contains a letter of span rj − ri−1 ≥ j − i for each 1 ≤ i < j ≤ k.
Lemma 6.7. Suppose that b = δ2nP is a BKL-positive definite n-braid. If P contains a 3-step
ascending staircase ar0r1ar1r2ar2r3, then F(b) ∼= E6, E7, or E8.
Proof. The existence of a 3-step ascending staircase implies that n ≥ 4 and if n = 4, the
staircase must be σ1σ2σ3 = δ4. In this case b = δ
2
4P ⊇ δ24δ4 = δ34 whose closure is T (3, 4). Thus
F(b) contains F(T (3, 4)) ∼= E6. The proof now follows from Corollary 6.3.
A similar argument shows that the lemma holds for n ≥ 5 if each of the steps in the staircase has
span 1: Up to conjugation by a power of δn, P contains P0 = σ1σ2σ3 = δ4 so that b = δ
2
nP ⊇ δ34 .
Then F(b) ⊃ F(δ34) ∼= E6. Let F0 be the quasipositive surface of the 4-braid δ34 . The reader
will verify that F1 = F (δnδ
2
4)
∼= F0 and the inclusion F0 → F1 is a homotopy equivalence. Then
F(δnδ24) ∼= E6. Adding the twisted band associated to the letter σ4 in the second δn factor of b to
F1 yields the surface F (δnδ5δ4). Let α ∈ H1(F (δnδ5δ4)) be the class associated to this band and
β the class associated to the σ3 in the second δn factor of b. Then F(b)(α, β) = ±1 by Lemma
4.2. Lemma 6.2 then implies that F(δnδ5δ4) ∼= E7 or E8. We can obtain the quasipositive
surface F (δ2nδ3) by successively adding the twisted bands of the letters letters σ5, . . . , σn−1 to
F (δnδ5δ4) and inductively applying Lemma 6.2 shows that F(δ2nδ4) is E7 or E8. Corollary 6.3
then shows that F(b) ∼= E7 or E8.
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Assume next that ri − ri−1 ≥ 2 for some i. Then n ≥ 5. We saw above that up to rewriting,
P ⊇ P0 where P0 has a letter of span rj − ri−1 for each 1 ≤ i < j ≤ 3. Lemma 5.1(1), Lemma
6.4, and Corollary 6.3 imply that we are done if there are i and j such that 3 ≤ rj−ri−1 ≤ n−3.
Suppose then that rj − ri−1 ∈ {1, 2, n− 2, n− 1} for each i < j. In this case ri − ri−1 ≤ 2 for
each i as otherwise r3 − r0 = (r3 − r2) + (r2 − r1) + (r1 − r0) ≥ n.
We can assume that ri− ri−1 = 2 does not occur for successive values of i as then b contains an
ascending (2, 2) pair, so we are done by Lemma 6.6. Thus P contains a product σkak+1,k+3 =
ak,k+3σk or ak,k+2σk+2 = ak,k+3ak,k+2. In either case, after rewriting P contains a letter of
span 3 so if n ≥ 6, Lemma 6.4 and Corollary 6.3 imply that F(b) ∼= E6, E7 or E8. On the other
hand, if n = 5 then ar0r1ar1r2ar2r3 is one of a13σ3σ4, σ1a24σ4, or σ1σ2a35. In each case we are
done by Lemma 6.6 and Corollary 6.3:
• δ25a13σ3σ4 = δ25a13a35σ3 ⊃ δ25a13a35
• δ25σ1a24σ4 = δ25σ1a25a24 ∼ δ25σ2a13a35 ⊃ δ25a13a35
• δ25σ1σ2a35 = δ25a13σ1a35 ⊃ δ25a13a35
This completes the proof. 
7. The proof of Theorem 1.5 when n = 4
In this section we prove Theorem 1.5 for strongly quasipositive 4-braids. Given Baader’s theo-
rem (Theorem 1.4), it suffices to prove the following proposition.
Proposition 7.1. If L is a definite basket link which is the closure of a BKL-positive word of
the form δ24P ∈ B4, then δ24P is conjugate to a positive braid.
Recall the BKL-positive 4-braid letters
(7.0.1) L = {σ1, σ2, σ3, a14, a13, a24}
Conjugation by δ4 determines a permutation of L with two orbits:
σ1 7→ σ2 7→ σ3 7→ a14 7→ σ1
and
a13 7→ a24 7→ a13
Throughout we consider braids of the form
(7.0.2) δk4P
where k ≥ 0 and P is BKL-positive. Given such a braid b, choose from among all of its
conjugates and their BKL-positive rewritings which have the form (7.0.2), a braid δk4P for
which k is maximal. Then P does not contain a subword equalling δ4.
Recall the integer r(P ) ≥ 0 defined by P ⊇ δr(P )4 but not δr(P )+14 (cf. §2.4).
Lemma 7.2. If b = δ24P ∈ B4 is strongly quasipositive and definite, then r(P ) ≤ 1.
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Proof. If r(P ) ≥ 2 then b = δ24P ⊇ δ44 so that F(b) ⊇ F(T (4, 4)), which is indefinite (Lemma
2.5), contrary to our hypotheses. 
Lemma 7.3. If r(P ) = 0, then δ24P definite implies that it is conjugate to a positive braid.
Proof. We divide the proof into several cases.
Case 1. P contains neither a13 nor a24.
We can suppose that P 6= 1 is not a positive braid so that up to conjugation,
b = δ24a
d1
14p1a
d2
14p2 . . . a
dt
14pt
where t ≥ 1, p1, . . . , pt are positive braids, and d1, . . . , dt > 0. If p1 · · · pr 6⊇ σ3, conjugating by
δ4 changes b into a positive braid, so we are done. Assume then that p1 · · · pt ⊇ σ3 and let i0
be the smallest index i for which pi ⊇ σ3. Since σ3a14σ1 = δ4, pi 6⊇ σ1 for i > i0. Consequently,
pi =
{
pi(σ1, σ2) if i < i0
pi(σ2, σ3) if i > i0
Then pushing one δ4 forward through P till just before pi0 and conjugating the other to the
end of P and then pushing it backward till just after pi0 we obtain
b = δ24a
d1
14p1(σ1, σ2) · · · a
di0−1
14 pi0−1(σ1, σ2)a
di0
14 pi0a
di0+1
14 pi0+1(σ2, σ3) · · · adt14pt(σ2, σ3)
∼ σd11 p1(σ2, σ3) · · ·σ
di0−1
1 pi0−1(σ2, σ3)σ
di0
1 δ4pi0δ4σ
di0+1
3 pi0+1(σ1, σ2) · · ·σdt3 pt(σ1, σ2),
which is a positive braid.
Case 2. P contains at least one of a13 or a24.
Since δ24a13a24 and δ
2
4a24a13 are indefinite (Lemma 5.2), P contains either no a13 or no a24.
Then up to conjugation we can write
b = δ24a
d1
13w1a
d2
13w2 · · · adt13wt
where wi = wi(σ1, σ2, σ3, a14) and t is minimal among all such BKL-positive expressions for
conjugates of b. It follows that di > 0 and wi 6= 1 for each i. Since a13σ1σ3 = δ4, the
assumption that r(P ) = 0 implies that w1w2 · · ·wt 6⊇ σ1σ3. Up to conjugating by δ24 we can
suppose that w1w2 · · ·wt 6⊇ σ3. After a further conjugation by δ4 we have
b ∼ δ24ad124p1ad224p2 · · · adt24pt
where pi = pi(σ1, σ2, σ3) 6= 1 for each i. If t = 0, b ∼ δ24 , a positive braid, and if t = 1, b ∼
δ24a
d1
24p1(σ1, σ2, σ3) = δ4(σ1σ2σ3)(σ
−1
3 σ
d1
2 σ3)p1(σ1, σ2, σ3) = δ4σ1σ
d1+1
2 σ3p1(σ1, σ2, σ3), again a
positive braid. We assume below that t ≥ 2.
Since σ1σ3a24 = δ4, p1 · · · pt−1 6⊇ σ1σ3. There are two cases to consider.
Subcase 2.1. p1 · · · pt−1 6⊇ σ3.
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If pi 6⊇ σ1 for some i < t, then pi is a non-zero power of σ2, say pi = σm2 where m > 0. Then
adi24pi = σ2σ
di
3 σ
m−1
2 , contrary to the minimality of t. (When i = 1, the condition implies that
b ∼ δ24ad213v1ad313v2 · · · adt13vt−1 where each vi = vi(σ1, σ2, σ3, a14) is a BKL-positive word.) Thus
pi ⊇ σ1 for each i < t.
If p2p3 · · · pt ⊇ σ2, then P ⊇ σ1a24σ2 = δ4, a contradiction. Thus p2p3 · · · pt 6⊇ σ2. It follows
that
pi =

p1(σ1, σ2) if i = 1
σmi1 if 1 < i < t
p3(σ1, σ3) if i = t
As above, the minimality of t can be used to see that p1(σ1, σ2) = σ1q1(σ1, σ2) where q1(σ1, σ2)
is a positive braid. Also, pt(σ1, σ3) = σ
mt
1 σ
m0
3 . Then
b ∼ δ24ad124p1(σ1, σ2)ad224σm21 · · · adt−124 σmt−11 adt24σmt1 σm03
∼ δ24σm01 σmt3 ad124p1(σ1, σ2)ad224σm21 · · · adt−124 σmt−11 adt24
If m0,mt > 0, then P ⊇ σm01 σmt3 ad124 ⊇ σ1σ3a24 = δ4, contradicting our assumption that
r(P ) = 0. Thus one of m0,mt is zero. If mt > 0, the fact that t ≥ 2 implies that P ⊇
σmt3 a
d1
24p1(σ1, σ2)a
d2
24 = σ
mt
3 a
d1
24σ1q1(σ1, σ2)a
d2
24 ⊇ σ3σ1a24 = δ4, again a contradiction. Hence
mt = 0. Then m0 > 0 and
b ∼ δ24ad124p1(σ1, σ2)ad224σm21 · · · adt−124 σm03
∼ δ24σmt−13 adt24σm01 ad124p1(σ1, σ2)ad224σm21 · · · adt−124
⊇ δ24σ3σ1a24
= δ34
a contradiction, which completes the proof when p1 · · · pt−1 6⊇ σ3.
Subcase 2.2. p1 · · · pt−1 6⊇ σ1.
Then b ∼ δ24ad124p1(σ2, σ3)ad224p1(σ2, σ3) · · · adt−124 pt−1(σ2, σ3)adt24pt. By the minimality of t, pi =
σ3qiσ2 where each qi is a positive braid for i < t. Thus
b ∼ δ24ad124σ3q1σ2ad224σ3q2σ2 · · · adt−124 σ3qt−1σ2adt24pt
As t ≥ 2, b ⊇ (σ2σ3)2σ2a24σ3σ2, which is an indefinite form by Proposition 3.5(6), so this case
does not occur.
This completes the proof of the lemma. 
Lemma 7.4. If r(P ) = 1, then δ24P definite implies that it is conjugate to a positive braid.
Proof. In this case P ⊇ δ4 and so b ⊇ b0 = δ34 . Then F(b) ⊇ F(b0) = F(δ34) ∼= E6. Hence F(b)
is either E6, E7, or E8 by Corollary 6.3. Further, by (6.0.1) we see that
3 + lBKL(P ) = rank H1(F (b)) =

6 if F(b) ∼= E6
7 if F(b) ∼= E7
8 if F(b) ∼= E8
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Since r(P ) = 1, lBKL(P ) ≥ 3. Thus lBKL(P ) is 3 if F(b) ∼= E6, 4 if F(b) ∼= E7, and 5 if
F(b) ∼= E8. It follows that P = δ4 if F(b) ∼= E6 and is obtained from δ4 by adding one,
respectively two, BKL-positive letters if F(b) ∼= E7, respectively F(b) ∼= E8.
Case 1. F(b) ∼= E6.
Then b = δ34 and therefore b̂ = T (3, 4), so we are done.
Case 2. F(b) ∼= E7.
Then P is obtained from δ4 by adding one BKL positive letter in L (cf. (7.0.1)). The letter
must be added between two letters of δ4 as otherwise b ∼ δ34x, contrary to our assumption that
k = 2. Every expression for δ4 as a product of BKL-positive words has the form uvw where
u, v, w ∈ L. Hence for such u, v, w, P is either uxvw or uvxw for some x ∈ L.
The reader will verify that
σ3xσ1σ2 and σ2σ3xσ1
are positive braids for all x ∈ L, as are
σ3δ4x and xδ4σ1
Subcase 2.1. P = uxvw for some x ∈ L.
Then b = δ24uxu
−1δ4. Up to conjugation by a power of δ4 and changing x, b is either δ24σ1xσ
−1
1 δ4
or δ24a13xa
−1
13 δ4 = δ
2
4a13xσ1σ3.
In the first case, b = σ3(δ
2
4x)(σ2σ3) and as δ
2
4x is a positive braid for each x ∈ L, we are done.
In the second, b = δ24a13xσ1σ3 = δ4a24δ4xσ1σ3 = σ1σ
2
2σ3(δ4xσ1)σ3. Since δ4xσ1 = x
′δ4σ1 is
always a positive braid, we are done.
Subcase 2.2. P = uvxw for some x ∈ L.
Then b = δ34(w
−1xw). Up to conjugation by a power of δ4, b is either δ34σ
−1
3 xσ3 or δ
3
4a
−1
24 xa24.
If the former occurs, then b ∼ δ24σ1σ2xσ3 = δ4σ2(σ3x′δ4)σ3 where x′ = δ4xδ−14 ∈ L. Since
σ3x
′δ4 = σ3δ4x′′ is a positive braid for each x′ ∈ L, we are done.
Otherwise, b = δ34a
−1
24 xa24 = δ
2
4σ1σ3xa24 ∼ σ1(σ3xδ4)(a13δ4) = σ1(σ3xδ4)σ1σ22σ3, so we are done
as σ3xδ4 = σ3δ4x
′ is a positive braid.
This completes the proof when F(b) ∼= E7.
Case 3. F(b) ∼= E8.
Then P is obtained from δ4 by adding two BKL positive letters. Since P does not contain δ4
as a subword, for any expression δ4 = uvw where u, v, w ∈ L, there are seven possibilities for
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P :
P =

(1) xuyvw
(2) xuvyw
(3) uxyvw
(4) uxvyw
(5) uxvwy
(6) uvxyw
(7) uvxwy
Since δ24uxvwy ∼ δ24y′uxvw and δ24uvxwy ∼ δ24y′uxvw where y′ = δ−24 yδ24 ∈ L, we need only
deal with cases (1), (2), (3), (4) and (6).
Subcase 3.1. P = xuyvw for some x, y ∈ L.
Then b ∼ δ24xuyvw = δ24x(uyu−1)δ4. Up to conjugation, we can take u to be either σ1 or a13.
Further, by Lemma 5.2, definiteness implies that if x = a13, respectively a24, then y 6= a24,
respectively a13.
If u = σ1, then b ∼ δ24xσ1yσ2σ3 ∼ (δ4xσ1)(δ4y′σ1)σ2 where y′ = δ−14 yδ4. Since δ4xσ1 and δ4y′σ1
are positive braids for all x, y ∈ L, we are done.
If u = a13, then b ∼ δ24xa13ya−113 δ4 ∼ δ24xa13yσ1σ3 ∼ σ3x′δ4a24δ4yσ1 = (σ3x′σ1σ2)σ2σ3(δ4yσ1),
which is a positive braid.
Subcase 3.2. P = xuvyw for some x, y ∈ L.
Then b ∼ δ24xuvyw = δ24xδ4(w−1yw). Up to conjugation, we can take w to be either σ3 or a24.
If w = σ3, then b ∼ δ24xδ4σ−13 yσ3 ∼ (δ4xσ1)σ2(yδ4)σ2. This is a positive braid unless y = a24.
But in this case x 6= a13 and so σ3xσ1 is a positive braid. Hence b ∼ σ1σ2(σ3xσ1σ2)a24δ4σ2 ∼
(σ3xσ1σ2)a24δ4(σ2σ1σ2) = (σ3xσ1σ2)δ4a13(σ1σ2σ1) = (σ3xσ1σ2)δ4σ1σ
2
2σ1), which is a positive
braid.
If w = a24, then b ∼ δ24xδ4a−124 ya24 ∼ δ24xσ1σ3ya24 = (σ2σ3xσ1)σ3ya24δ4σ1 = (σ2σ3xσ1)(σ3yδ4)a24σ1 =
(σ2σ3xσ1)(σ3yδ4)σ1σ2, which is a positive braid.
Subcase 3.3. P = uxyvw for some x, y ∈ L.
Then b ∼ δ24(axya−1)δ4 = δ24(axa−1)δ4y. Up to conjugation, we can take u to be either σ1 or
a24.
If u = σ1, then b ∼ δ24σ1xyσ2σ3δ4 = σ3δ4(δ4x)δ4y′σ1σ2 = σ3δ4(δ4xσ1)(σ2σ3y′σ1)σ2, which is a
positive braid.
If u = a13, then b ∼ δ24a13xya−113 δ4 = δ4a24δ4xyσ1σ3 = σ1σ22σ3δ4xyσ1σ3 = σ1σ2(σ2σ3x′δ4)yσ1σ3
where x′ = δ4xδ−14 . Hence b ∼ σ1σ2(σ2σ3x′σ1)(σ2σ3yσ1)σ3, which is always a positive braid.
Subcase 3.4. P = uxvyw for some x, y ∈ L.
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There are four BKL-positive expressions for δ4 up to conjugacy by a power of δ4: σ1σ2σ3, σ1σ3a24,
σ1a24σ2, and a24σ1σ3. We consider each of these separately.
First suppose that b ∼ δ24σ1xσ2yσ3. Then b ∼ σ3x′δ4σ3y′δ4σ3 where x′ = δ24xδ−24 and y′ =
δ4yδ
−1
4 . Hence b ∼ (σ3x′δ4)(σ3y′δ4)σ3, which is a positive braid.
Next suppose that b ∼ δ24σ1xσ3ya24. Then b ∼ σ3x′δ4σ3y′δ4a24 = (σ3x′σ1σ2)σ3a14y′σ1σ22σ3
where x′ = δ24xδ
−2
4 and y
′ = δ4yδ−14 . Hence b ∼ (σ3x′σ1)σ1(σ2σ3y′σ1)σ22σ3. Now σ2σ3y′σ1
is a positive braid as is σ3x
′σ1 as long as x′ 6= a14. But if x′ = a14, then x = σ2 so that
b ∼ δ24σ1σ2σ3ya24 = δ34ya24 = δ24y′δ4a24 = δ4σ1σ2(σ3y′σ1σ2)(σ3a24) = δ4σ1σ2(σ3y′σ1σ2)(σ2σ3),
which is a positive braid.
If b ∼ δ24σ1xa24yσ2, then b ∼ (σ3x′σ1σ2)(σ3δ4a24)yσ2 = (σ3x′σ1σ2)(σ3σ1σ2)(σ2σ3y)σ2. Now
σ3x
′σ1σ2 is a positive braid while σ2σ3y is as long as y 6= a13. But y 6= a13 as b ∼ δ24σ1xa24yσ2 =
δ24σ1xa24a13σ2 is indefinite (Lemma 5.2).
Finally suppose that b ∼ δ24a24xσ1yσ3. Then b ∼ δ4σ1σ22σ3xσ1yσ3 ∼ (σ2σ3xσ1)yσ3δ4σ1σ2 =
(σ2σ3xσ1)(δ4y
′σ2σ1σ2) = (σ2σ3xσ1)(δ4y′σ1)σ2σ1, which is a positive braid.
Subcase 3.5. P = uvxyw for some x, y ∈ L.
Then b ∼ δ24uvxyw = δ34w−1xyw. Up to conjugation, we can take w to be either σ3 or a24.
If w = σ3, then b ∼ δ34σ−13 xyσ3 = δ24σ1σ2xyσ3 = (σ2σ3x′δ4)(y′δ4)σ3 = (σ2σ3x′σ1)(σ2σ3y′σ1)σ2σ23
where x′ = δ24xδ
−2
4 and y
′ = δ4yδ−14 . As this is a positive braid for each x, y ∈ L, we are done.
Finally suppose that w = a24. Then b ∼ δ34a−124 xya24 = δ34(σ−13 σ−12 σ3)xya24 = δ24σ1σ3xya24 ∼
σ1σ3xya24δ
2
4 = σ1σ3xδ4y
′a13δ4 = σ1(σ3xσ1σ2)(σ3y′σ1σ2)σ2σ3 where y′ = δ4yδ−14 . Thus b is
conjugate to a positive braid. 
8. The proof of Theorem 1.5 when n ≥ 5
In this section we prove
Proposition 8.1. If L is a definite basket link which is the closure of a BKL-positive word of
the form δ2nP ∈ Bn where n ≥ 5, then b is conjugate to a positive braid.
We assume throughout this section that n ≥ 5 and that
(8.0.1) b = δknP
is a definite braid where P ∈ Bn is a BKL-positive word and k ≥ 2. Given Theorem 1.8 and
Proposition 7.1, we can suppose that n = n(̂b) (cf. §2.3) without loss of generality.
Lemma 8.2. Proposition 8.1 holds if r(P ) > 0.
Proof. If r(P ) > 0, then F(b) ⊇ F(δ2+r(P )n ) = F(T (n, 2 + r(P )). Since b is definite, we have
n = 5 and r(P ) = 1 (Lemma 2.5). Then F(b) ⊇ F(δ35) = F(T (3, 5) ∼= E8. Corollary 6.3 now
implies that b is the positive braid δ35 . 
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We assume below that r(P ) = 0.
Lemma 8.3. Suppose that b = δ2nP is a definite BKL-positive braid where n ≥ 5. If F(b) is
congruent to E6, E7, or E8, then b is conjugate to a positive braid.
Proof. By (6.0.1),
(n− 1) + lBKL(P ) = rank H1(F (b)) =

6 if F(b) ∼= E6
7 if F(b) ∼= E7
8 if F(b) ∼= E8
In particular, lBKL(P ) ≤ 4 and equals 4 if and only if n = 5 and F(b) ∼= E8.
If lBKL(P ) = 0, then b is the positive braid δ
k
n.
If lBKL(P ) = 1, we can conjugate b by a power of δn to see that b ∼ δ2na1s ∼ δna1sδn =
δnδs−1δ−1s−2δn = δnδs−1σs−1σs . . . σn−1, which is a positive braid.
If lBKL(P ) = 2, then Lemmas 2.3 and 5.5 imply that up to conjugation by a power of δn, the
two letters of P are σ1 and arn. Now r is either 1 or 2 as otherwise Lemma 2.4 implies that
n(̂b) < n. But r = 1 implies the two letters of δnbδ
−1
n are σ1 and σ2, so σn−1 is not covered,
contrary to Lemma 2.3. And if r = 2, P is either σ1a2n = a1nσ1, which is impossible, or a2nσ1.
In the latter case, b = δ2na2nσ1 = δnσ1σ
2
2σ3σ4 · · ·σn−1σ1, a positive braid.
Next suppose that lBKL(P ) = 3. By Lemma 2.3 we can assume that the letters of P are σ1, ars,
and atn. Lemma 2.4 implies that min{r, t} ∈ {1, 2}.
If t = 1, then conjugation by δn yields the letters σ1, σ2, ar+1,s+1. Hence either r = n − 1, so
ars = σn−1, or s = n− 1. The former is impossible as it implies that the letters of δ2nPδ−2n are
σ1, σ2, and σ3, which doesn’t cover σn−1. Thus s = n − 1. But then r = 1 or 2 by Lemma
2.4 applied to δnPδ
−1
n . In either case, the letters of δ
2
nPδ
−2
n are σ1, σ3, and a1,r+2 and as
r + 2 ≤ 4 < n, σn−1 is not covered, a contradiction.
Similarly if t = 2, conjugation by δn yields the letters σ1, a13, ar+1,s+1. Hence either r = n− 1,
so ars = σn−1, or s = n − 1. The former is impossible as it implies that the letters of δ2nPδ−2n
are σ1, a24, and σ3. Thus s = n− 1. But then r = 2 (Lemma 2.4 and Lemma 5.2), and in this
case the letters of δ2nbPδ
−2
n are σ3, a14, and a24, a contradiction.
Assume that t > 2. Then r ∈ {1, 2} and s ∈ {t, n} (Lemma 2.4 and Lemma 5.2). If s = n, the
letters of δnPδ
−1
n are σ2, a1,r+1, and a1,t+1. Then t = n − 1 so that the letters of δ2nbPδ−2n are
σ3, a2,r+2, and σ2, a contradiction. If s = t, the letters of δnPδ
−1
n are σ2, a1,t+1, and ar+1,t+1.
Then t = n− 1 so that the letters of δ2nbPδ−2n are σ3, a1,r+2, and σ1, a contradiction.
This completes the proof in the case that lBKL(P ) = 3. In fact it proves more. The same
arguments show that the lemma holds if the number of distinct letters in P is at most three.
We will use this below.
Finally suppose that lBKL(P ) = 4 so as noted above, n = 5 and F(b) ∼= E8. From the last
paragraph we can suppose that P is made up of four distinct BKL-positive letters. There are
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two conjugacy classes of BKL-positive letters:
A = {σ1, σ2, σ3, σ4, a15}
and
B = {a13, a24, a35, a14, a25}
By Lemma 5.2, there are at most two letters of P which come from B. Hence at least two come
from A.
Case 1. Each letter of P comes from A.
In this case P is a product of four of the letters σ1, σ2, σ3, σ4, a15. Hence after conjugation by
an appropriate power of δ5 we have that P , and therefore b, becomes a positive braid.
Case 2. Three letters of P come from A and one from B.
Then up to conjugation, b = δ25a1a2a3a1r where a1, a2, a3 ∈ A and a1r ∈ B so that r ∈ {3, 4}.
Then
b ∼ δ5a1a2a3a1rδ5 =
{
δ5a1a2a3σ1σ
2
2σ3σ4 if r = 3
δ5a1a2a3σ1σ2σ
2
3σ4 if r = 4
By hypothesis, the ai are distinct. If no ai is a15, b is a positive braid.
If a1 = a15, then as δ5a15 = σ1δ5 and a2, a3 ∈ A \ {a15}, we are done.
If a3 = a15 then note that either
b ∼ δ5a1a2a15σ1σ2σ23σ4 = δ5a1a2δ5σ3σ4,
so we are done, or
b ∼ δ5a1a2a15σ1σ22σ3σ4 = δ5a1a2δ5σ−13 σ2σ3σ4 = δ5a1a2σ−14 δ5σ2σ3σ4
We’re done if a2 = σ4. If a2 = σ3 and a1 6= σ4, then δ5a1a2σ−14 = δ5a1σ3σ−14 = a′1σ4δ5σ−14 =
a′1σ4σ1σ2σ3 where a′1 ∈ {σ2, σ3, σ4}, so we’re done. If a2 = σ3 and a1 = σ4, then
b ∼ δ5σ4σ3σ−14 δ5σ2σ3σ4 = δ5σ−13 σ4σ3δ5σ2σ3σ4
= σ1σ2σ3σ4σ
−1
3 σ4σ3δ5σ2σ3σ4
= σ1σ2σ
−1
4 σ3σ
2
4σ3δ5σ2σ3σ4
= σ−14 σ1σ2σ3σ
2
4σ3δ5σ2σ3σ4
∼ σ1σ2σ3σ24σ3δ5σ2σ3,
a positive braid.
Suppose a2 = σi ∈ {σ1, σ2}. Then b ∼ δ5a1σiσ−14 δ5σ2σ3σ4 = δ5a1σ−14 σiδ5σ2σ3σ4. We’re done if
a1 ∈ {σ1, σ2, σ4} as then b ∼ δ5σ−14 a1σiδ5σ2σ3σ4 = σ1σ2σ3a1σiδ5σ2σ3σ4. If a1 = σ3, then
b ∼ δ5σ3σ−14 σiδ5σ2σ3σ4 = σ1σ2σ3(σ4σ3σ−14 )σiδ5σ2σ3σ4
= σ1σ2σ3(σ
−1
3 σ4σ3)σiδ5σ2σ3σ4
= σ1σ2σ4σ3σiδ5σ2σ3σ4,
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a positive braid. This completes the argument when a3 = a15.
Finally, if a2 = a15 we are done if a1 6= σ4 as δ5a1a2 = (δ5a1δ−15 )(δ5a15). If a2 = a15 and
a1 = σ4, then δ5a1a2 = δ5σ4(σ
−1
4 σ
−1
3 σ
−1
2 )δ5 = δ5σ
−1
3 σ
−1
2 δ5 = σ
−1
4 σ
−1
3 δ
2
5 . It is obvious then that
b = δ5a1a2σ
−1
4 δ5σ2σ3σ4 = σ
−1
4 σ
−1
3 δ
2
5σ
−1
4 δ5σ2σ3σ4 = (σ3σ4)
−1δ5σ1σ2σ3δ5σ2)(σ3σ4) is conjugate
to a positive braid.
Case 3. Two letters of P come from A and two from B.
Lemma 5.2 implies that up to conjugation by a power of δ5, the two letters from B are a13 and
a35. Lemma 5.4 implies that a13 occurs before a35 in P . Note as well that we are reduced to
the previous subcase if P contains a13a35 = a15a13. Thus there are distinct letters a1, a2 ∈ A
such that
(8.0.2) P =

a13a1a35a2, or
a13a1a2a35, or
a1a13a2a35
In particular, a13 is one of the first two letters of P and a35 one of the last two letters.
Since δ5{a13, a35}δ−15 = {a24, a14}, Lemma 2.3 implies that either σ4 or a15 must be contained
in the letters of δ5Pδ
−1
5 . Thus σ3 or σ4 is a letter of P . Next note that as δ
3
5{a13, a35, σ3}δ−35 =
{a13, a14, σ1} and δ35{a13, a35, σ4}δ−35 = {a13, a14, σ2}, either σ4 or a15 must be contained in
the letters of δ35Pδ
−3
5 . Thus the letters of P are either a13, a35, σ1, σ3, or a13, a35, σ1, σ4, or
a13, a35, σ2, σ3, or a13, a35, σ2, σ4. We consider these cases separately.
Subcase 3.1. The letters of P are a13, a35, σ1, σ3.
Since σ1 commutes with a35 and σ3, if it occurs after a13, P can be be rewritten to contain
a13σ1 = σ1σ2 and we can then appeal to the previous subcase. So without loss of generality we
can suppose that σ1 occurs before a13. Then (8.0.2) implies that P = σ1a13σ3a35 = σ1a14a13a35.
But this is impossible since the presence of a14 and a35 in (a rewritten) P forces F(b) to be
indefinite.
Subcase 3.2. The letters of P are a13, a35, σ1, σ4.
A similar argument to that used in the previous subcase shows that P = σ1a13σ4a35 =
σ1a13σ3σ4, so again we are done by the previous case.
Subcase 3.3. The letters of P are a13, a35, σ2, σ3.
Since σ2a13 = σ1σ2 and a35σ3 = σ3σ4, we are reduced to the previous case if σ2 occurs before
a13 or σ3 occurs after a35 (cf. (8.0.2)). Assume that this isn’t the case. Lemma 5.2 rules out
the possibility that P contains the subwords σ2a35 = a25σ2 or a13σ3 = a14a13. From (8.0.2),
the only possibility is for P = a13σ2σ3a35 = a13a24σ2a35, which is ruled out by Lemma 5.2.
Subcase 3.4. The letters of P are a13, a35, σ2, σ4.
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Since σ2 commutes with σ4, if it occurs before a13, P can be be rewritten to contain σ2a13 = σ1σ2
and we can then appeal to the previous case. So without loss of generality we can suppose that
σ2 occurs after a13. Similarly σ4 must occur after a35 so from (8.0.2), P = a13σ2a35σ4 =
a13a25σ2σ4. This is ruled out by Lemma 5.2. 
Lemma 8.4. If b = δ2nP where P is a product of the letters of span 1 and n − 1, then b is
conjugate to a positive braid.
Proof. Write b = δ2np1a
d1
1np2a
d2
1n . . . pra
dr
1npr+1 where each pi is a positive braid.
If P contains σn−1a1nσ1, then δ2nbδ−2n contains the 3-step ascending staircase σ1σ2σ3 and there-
fore F(b) ∼= E6, E7, or E8 by Lemma 6.7. In this case Lemma 8.3 implies that b is conjugate to
a positive braid.
Similarly if P contains (a1nσ1)
2, then δnPδ
−1
n contains (σ1σ2)
2 = (a13σ1)
2 ⊃ a213. Lemma 6.5
then implies that F(b) ∼= E6, E7, or E8 and so b is conjugate to a positive braid by Lemma 8.3.
Assume below that P contains neither σn−1a1nσ1 nor (a1nσ1)2. Consequently, if there is a
1 ≤ k ≤ r such that pk contains σ1, then
• if i < k, pi does not contain σn−1; otherwise P contains σn−1a1nσ1;
• if k < i, pi does not contain σ1; otherwise P contains a1nσ1a1nσ1 = (a1nσ1)2.
Now rewrite P by conjugating one copy of δn forward through P till just after a
dk−1
1n . Since
there is no σn−1 in p1p2 . . . pk−1 and since δna1nδ−1n = σ1, we see that
(8.0.3) b = δnq1σ
d1
1 q2σ
d2
1 . . . σ
dk−1
1 δnpka
dk
1npk+1 . . . pra
dr
1npr+1
where each qi is a positive braid.
Next conjugate the lead δn in (8.0.3) to the“back of b” and then conjugate it backward through
the rewritten P till just before adk1n. Since pk+1pk+2 . . . pr+1 does not contain σ1 and since
pushing δ−1n a1nδn = σn−1, we see that
b ∼ q1σd11 q2σd21 . . . σdk−11 δnpkδnσdkn−1qk+1 . . . qrσdrn−1qr+1
where qk+1, qk+2, . . . are positive braids. This completes the proof when there is a 1 ≤ k ≤ r
such that pk contains σ1.
Suppose then that p2p3 . . . pr does not contain σ1. If it is also not contained in pr+1, conjugate
one copy of δn to the back of b and then backward through P till just before a
d1
1n. As above, this
operation yields a positive braid. On the other hand, if pr+1 does contain σ1, then p1p2 . . . pr
cannot contain σn−1 as otherwise P contains σn−1a1nσ1. Then conjugating one copy of δn
forward through P till just after adr1n rewrites b in the form b = δnq1σ
d1
1 q2σ
d2
1 . . . qrσ
dr
1 δnpr+1
where each qi is a positive braid, thus completing the proof. 
Proof of Proposition 8.1. We can assume that P contains a letter of span l 6∈ {1, n − 1} by
Lemma 8.4. We can further suppose that the spans of the letters of P lie in {1, 2, n− 2, n− 1}.
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This is obvious if n = 5. If n ≥ 6 and P contains a letter of span 3 ≤ l ≤ n − 3, Lemmas 6.4
and 8.3 imply that Proposition 8.1 holds.
We can also assume that P contains at most one letter of span 2 and if one, it occurs exactly
once by Lemmas 5.2, 5.3, 5.4, 6.5, 6.6, and 8.3.
If P contains two letters (possibly equal) of span n − 2 they cannot be distinct as otherwise
the assumption that n ≥ 5 implies that they are linked, contrary to Lemma 5.2. Thus they
coincide. But then, we could conjugate by an appropriate power of δn to obtain b
′ = δ2nP ′ where
P ′ contains the square of a span 2 letter. Then by Lemmas 6.5 and 8.3 we are done. Assume
then that P does not contain two letters (possibly equal) of span n− 2.
If P contains a letter of span 2 and one of span n− 2, conjugate b by an appropriate power of
δn so that the span n− 2 letter is a1,n−1. The span 2 letter now has been converted to a letter
ars of span either 2 or n− 2. We have just seen that the latter is impossible so ars has span 2.
Lemma 5.2 now implies that s ≤ n− 1. The reader will verify that conjugating by either δn or
δ−1n yields P ′ with distinct letters of span 2, so we are done as in the second paragraph of this
proof.
Assume then that P does not contain both a letter of span 2 and one of span n − 2. By
assumption, it contains at least one such letter, so after conjugating by a suitable power of
δn we can suppose that P contains a13. All other letters of P have span 1 or n − 1. Thus
b = δ2nP1a13P2 where the letters of P1 and P2 have span 1 or n− 1. Then
b = δ2nP1a13P2 ∼ P1a13P2δ2n = P1a13δ2nP ′2 ∼ δ2nP ′2P1a13 = δ2nP ′a13
where the letters of P ′ are of span 1 or n−1. If P ′ contains a1n, then it contains a1na13 = a13a3n.
Since the span of a3n is n − 3, Lemmas 6.4 and 8.3 imply that we are done when n ≥ 6. On
the other hand, if n = 5, a13a3n is an ascending (2, 2) pair. Hence we are done by Lemma 6.6
and 8.3. Thus without loss of generality, P ′ is a positive braid. But then
b ∼ δ2nP ′a13 ∼ δnP ′a13δn = δnP ′σ1σ22σ3 · · ·σn−1,
a positive braid. This completes the proof. 
9. Cyclic basket links
A basket surface F is determined by a finite set A of arcs properly embedded in the disk
D2, together with an ordering ω of A. Let the arcs be ordered α(1), α(2), ..., α(m). Then
F = F (A, ω) is obtained by successively plumbing positive Hopf bands b(1), b(2), ..., b(m), where
b(i) is plumbed along a neighborhood of the arc α(i), 1 ≤ i ≤ m. We adopt the convention that
each plumbing is a bottom plumbing [Ru1], so b(i) lies underneath D2 ∪ b(1) ∪ ... ∪ b(i− 1).
Baskets are also considered in [Hir]; we will adopt the terminology of [Hir] and call the collection
of arcs A in the disk a chord diagram. These are considered up to the equivalence relation
generated by isotopy of an arc α, keeping ∂α in S1 and disjoint from the endpoints of the other
arcs. In particular we may assume that any two arcs are either disjoint or intersect transversely
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in a single point. As in [Hir], A determines a graph Γ = Γ(A), the incidence graph of A: the
vertices of Γ correspond bijectively to the arcs in A, and two vertices are joined by an edge if
and only if the corresponding arcs intersect.
If Γ is a tree then a planar embedding of Γ determines a unique chord diagram A, and F (A) is
the corresponding arborescent plumbing; this is clearly independent of the ordering ω.
Recall the simply laced arborescent links L(Am), L(Dm), L(E6), L(E7), and L(E8) from the
introduction. We note that
L(D4) = P (−2, 2, 2) = T (3, 3)
Also, the expression for L(Dm) continues to hold for m = 3: D3 = A3 and
L(D3) = P (−2, 2, 1) = T (2, 4) = L(A3)
Problem 9.1. Determine the definite baskets.
We will see that there are prime definite basket links that are not simply laced arborescent.
We discuss the case where Γ = Cm is an m-cycle, m ≥ 3. As observed in [Hir], Γ has a unique
realization as a chord diagram A. Let ω be an ordering of A. We encode ω as follows. Number
the arcs α1, α2, ..., αm, and the corresponding bands b1, b2, ..., bm, in clockwise order on D
2, and
define  = (1, ..., m) ∈ {±1}n as illustrated in Figure 11. Thus  determines the order ω in
which the bands are plumbed. Denote the corresponding basket by F (Cm, ), the corresponding
link by L(Cm, ), and the symmetrised Seifert form of F (Cm, ) by F(Cm, ).
bi
bi
bi+1bi+1
✏i = +1 ✏i =  1
1
Figure 11.
The link L(Cm, ) has two components if m is odd and three components if m is even.
If L is an oriented link with components K1,K2, ...,Kn, n ≥ 2, define
lk(L) =
∑
1≤i<j≤n
lk(Ki,Kj)
In particular,
lk(L(Dm)) = lk(P (−2, 2,m− 2)) =
{
2 if m is odd,
m
2 + 1 if m is even.
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Let p() be the number of i such that i = +1. Note that if F (Cm, ) is a basket then
1 ≤ p() ≤ m− 1.
Lemma 9.2. lk(L(Cm, )) =
{
2p() if m is odd,
m
2 + p() if m is even.
Proof. Let L = L(Cm, ). Each band contributes +1 to lk(L).
Consider a crossing of a pair of adjacent bands bi and bi+1. First assume that m is odd. Then L
has two components, K1,K2 say, and the crossing contributes i to lk(L); see Figure 12. Hence
lk(L) = m+ (number of i such that i = +1) - (number of i such that i = −1)
= m+ p()− (m− p())
= 2p()
K2
K1
K2
1
Figure 12.
If m is even then all three components, K1,K2,K3 say, appear at the band crossing and the
contribution to lk(L) is i/2; see Figure 13. Hence
lk(L) = m+ (p()− (m− p())/2 = m/2 + p().
K2
K1
K3
1
Figure 13.

Proposition 9.3. The baskets F (Cm, ) and F (Cm, 
′) are isotopic if and only if p() = p(′).
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Proof. The “only if” direction follows from Lemma 9.2.
For the“if” direction, note that replacing a top plumbing by a bottom plumbing does not change
the isotopy class of the surface [Ru1, Lemma 3.2.1]. If bi is top plumbed and is replaced by
a bottom plumbing then the effect on  is that (i−1, i) changes from (+1,−1) to (−1,+1).
After a sequence of such moves we can bring  to the form (−1, ...,−1,+1, ...,+1). 
In view of Proposition 9.3 we write F (Cm, p) for F (Cm, ) where p = p(), and similarly for
L(Cm, p) and F(Cm, p).
We can think of the basket F (A, ω) as being obtained from D2 by attaching 1-handles h1, ..., hm,
where hi = bi \D2. We then have the following handle-sliding move, which does not change the
isotopy class of the surface. Let h and h′ be 1-handles such that no 1-handle meets the interior
of the interval I shown in Figure 14.
h
h0
...
..
.
I
1
Figure 14.
Then h can be slid over h′ as indicated in Figure 14, resulting in Figure 15.
h00
h0
...
...
1
Figure 15.
Note that the core of the band corresponding to h′′ still has framing −1.
Theorem 9.4. If p = 1 then F (Cm, p) is isotopic to F (Dm).
Proof. Without loss of generality m = +1, i = −1 for 1 ≤ i ≤ m− 1. The surface F (Cm, ) is
illustrated in Figure 16, which shows the case m = 7.
Slide h1 over h2, then over h3,..., then over hm−1. The resulting surface is shown in Figure 17.
The corresponding chord diagram has incidence graph Dm. 
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h1
h2
h3
hm
1
Figure 16.
h01
hm
hm 1
h2
h3
1
Figure 17.
We now determine which of the links L(Cm, p) are definite (cf. Lemma 9.6).
Let xi be the core of bi, 1 ≤ i ≤ m, with the anticlockwise orientation, and let x+i be a copy
of xi pushed slightly off F = F (Cm, ) in the positive normal direction, i.e. the direction from
the disk towards the reader. Let S = (sij) be the Seifert matrix of F with respect to the basis
[x1], ..., [xm] for H1(F ). Note that
si,i+1 = lk(x
+
i , xi+1) =
{
−1 if i = +1
0 if i = −1
and
si+1,i = lk(x
+
i+1, xi) =
{
0 if i = +1
1 if i = −1
Also, sii = −1, and sij = 0 if |i− j| > 1 (where subscripts are interpreted modulo m).
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Let p = p(), so 0 < p < m. By Proposition 9.3 we may assume that
i =
{
−1 if 1 ≤ i ≤ m− p
+1 if m− p < i ≤ m
Thus the matrix S is
S =

−1 0 0 0 · · · 0 0 0 0 · · · · · · 0
1 −1 0 0 · · · 0 0 0 0 · · · · · · 0
0 1 −1 0 · · · 0 0 0 0 · · · · · · 0
· · · · · · · · · 0 0 · · · · · · 0
· · · · · · · · · 0 0 · · · · · · 0
0 0 0 0 · · · 1 −1 0 0 · · · · · · 0
0 0 0 0 · · · 0 1 −1 −1 0 · · · · · 0
0 0 0 0 · · · 0 0 0 −1 −1 0 · · · · 0
· · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · −1 −1
−1 0 0 0 · · · 0 0 0 0 · · · · · 0 −1

Then
−(S + ST ) =

2 −1 0 0 · · · 0 0 0 0 · · · · · · · 1
−1 2 −1 0 · · · 0 0 0 0 · · · · · · · 0
0 −1 2 −1 · · · 0 0 0 0 · · · · · · · 0
· · · · · · · · · 0 0 · · · · · · · 0
· · · · · · · · −1 0 0 · · · · · · · 0
0 0 0 0 · · · −1 2 −1 0 · · · · · · · 0
0 0 0 0 · · · 0 −1 2 1 0 · · · · · · 0
0 0 0 0 · · · 0 0 1 2 1 0 · · · · · 0
· · · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · 1 2 1
1 0 0 0 · · · 0 0 0 0 · · · · · 0 1 2

For ε = ±1,m ≥ 3, let Qm(ε) be the m×m symmetric matrix
Qm(ε) =

2 1 0 0 · · · 0 ε
1 2 1 0 · · · 0 0
0 1 2 1 · · · 0 0
· · · · · · · · ·
· · · · · · · · ·
0 0 0 0 · · · 2 1
 0 0 0 · · · 1 2

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Successively multiplying the ith row and column of −(S + ST ) by −1 for
i =
{
m− p,m− p− 2, . . . , 1 if m− p is odd
m− p,m− p− 2, . . . , 2 if m− p is even
we see that −(S + ST ) is congruent to Qm((−1)m−p).
One easily shows by induction on r that the r×r leading minor ofQm(ε) is r+1 for 1 ≤ r ≤ m−1.
A straightforward calculation also gives the following.
Lemma 9.5.
detQm(ε) =
{
2 + 2ε if m is odd
2− 2ε if m is even 
It follows that F(Cm, p) depends only on the parity of p and is definite if and only if p is odd.
Recalling Theorem 9.4 we therefore have the following.
Lemma 9.6.
(1) If p is odd then F(Cm, p) ∼= Dm.
(2) If p is even then F(Cm, p) is indefinite. 
We now prove Theorem 1.13 which we restate here for the reader’s convenience.
Theorem 1.13. Let m ≥ 3 and p be integers with p odd and 0 < p < m.
(1) L(Cm, p) is prime and definite.
(2) L(Cm, p) is simply laced arborescent if and only if p = 1.
Proof. The definiteness of L(Cm, p) in part (1) follows from Lemma 9.6 (1), and the primeness
of L(Cm, p) follows from Lemma 9.6(1) and the fact that Dm is indecomposable. To prove part
(2), we have that L(Cm, 1) = L(Dm) by Theorem 9.4. Conversely, if L(Cm, p) is simply laced
arborescent then it is definite, so p is odd by Lemma 9.6, and therefore F (Cm, p) is isotopic to
F (Dm). By Lemma 9.2 this implies that p = 1. 
Next we prove Theorem 1.14, which shows that the links in Theorem 1.13 do not provide
counterexamples to Conjecture 1.2.
Lemma 9.7. The Alexander polynomial of L(Cm, p) is
∆L(Cm,p) =
{
(tp − 1)(t(m−p) + 1) if m is odd
(tp − 1)(t(m−p) − 1) if m is even
Proof. The matrix S − tST (immediately below) is a Seifert matrix for L(Cm, p) whose deter-
minant is ∆L(Cm,p).
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
t− 1 −t 0 0 · · · 0 0 0 0 · · · · · · · t
1 t− 1 −t 0 · · · 0 0 0 0 · · · · · · · 0
0 1 t− 1 −t · · · 0 0 0 0 · · · · · · · 0
· · · · · · · · · 0 0 · · · · · · · 0
· · · · · · · · −t 0 0 · · · · · · · 0
0 0 0 0 · · · 1 t− 1 −t 0 · · · · · · · 0
0 0 0 0 · 0 1 t− 1 −1 0 · · · · · · 0
0 0 0 0 · 0 0 t t− 1 −1 0 · · · · · 0
· · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · t t− 1 −1
−1 0 0 0 · 0 0 0 0 · · · · · 0 t t− 1

Let M1,M2, and M3 be the matrices obtained by removing from S − tST , respectively, the
first row and column, the first two rows and columns, and the first and last rows and columns.
Correspondingly, let F1, F2, and F3 be the surfaces obtained by removing, respectively, the first
band b1, the first and second bands b1 and b2, and the first and last bands b1 and bm. Then
for i = 1, 2, 3, Mi = Ri − tRTi where Ri is a Seifert matrix for Fi. Also, F1 is the arborescent
basket F (Am−1), and F2 and F3 are the arborescent basket F (Am−2), the corresponding links
being T (2,m) and T (2,m− 1) respectively.
Expanding by the first column we obtain ∆L(Cm,p) = det(S − tST ) = (t− 1) detM1 − detU +
(−1)m detV . Here U =
(
−t C1
CT2 M2
)
where C1 = (0, 0, . . . , 0, t) and C2 = (1, 0, . . . , 0), and
V =
(
D1 t
M3 D
T
2
)
where D1 = (−t, 0, . . . , 0, 0) and D2 = (0, 0, . . . , 0,−1)
Expanding detU by the first row we get
detU = (−t) detM2 + (−1)mtp
Similarly, expanding detV by the last column we get
detV = (−1)mt detM3 + (−1)m−1tm−p
Since detM1 = ∆T (2,m) and detM2 = detM3 = ∆T (2,m−1), we obtain
∆L(Cm,p) = (t− 1)∆T (2,m) + 2t∆T (2,m−1) + (−1)mtp − tm−p
Now
∆T (2,r) =
{
(tr + 1)/(t+ 1) if r is odd
(tr − 1)/(t+ 1) if r is even
See for example [Mu2, Exercise 7.3.1].
First suppose that m is even. Then (t− 1)∆T (2,m) + 2t∆T (2,m−1) =
(
(t− 1)(tm− 1) + 2t(tm−1 +
1)
)
/(t + 1) = (tm+1 + tm + t + 1)/(t + 1) = tm + 1. Hence ∆L(Cm,p) = t
m + 1 − tp − tm−p =
(tp − 1)(tm−p − 1).
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The case that m is odd is similar; we leave the details to the reader. 
Proof of Theorem 1.14. For each ζ ∈ S1 we define I+(ζ), to be the open subarc of the circle
with endpoints ζ, ζ¯ which contains +1.
If Σn(L(Cm, p)) is an L-space, then
(9.0.1) All the roots of ∆L(Cm,p) lie in I+(ζn)
by Theorem 1.3.
If p > 1 and n ≥ 3, the fact that tp − 1 divides ∆L(Cm,p) (cf. Lemma 9.7) shows that (9.0.1) is
violated.
Next suppose that Σn(L(Cm, 1)) is an L-space and recall that by Theorem 9.4, L(Cm, 1) =
P (−2, 2,m−2). Hence Σ2(L(Cm, 1) is an L-space. Also, if m = 3 then L(C3, 1) = P (−2, 2, 1)) =
T (2, 4), and so Σ3(L(C3, 1)) is also an L-space.
Conversely, first suppose that m is even; then the roots of ∆L(Cm,1) are the (m − 1)st roots
of unity. Since m ≥ 4, (9.0.1) fails for n ≥ 3. If m is odd then the roots of ∆L(Cm,1) are the
complex numbers exp( piirm−1), r odd, together with 1. Therefore, if m ≥ 5 then (9.0.1) fails for
n ≥ 3, and if m = 3, it fails for n ≥ 4.
Finally suppose that p > 1 and n = 2.
Lemma 9.8. As an unoriented link, −L(Cm, p) is the closure of the 3-braid γmδ3p, where
δ = σ2σ1, γ = σ2δ
−1.
Proof. We can express L(Cm, p) as a circular concatenation of tangles corresponding to pairs
of adjacent bands, as in Figure 18. These tangles are the braids β± shown in Figure 19.
" = +1" =  1
1
Figure 18.
Reading from right to left in Figure 19, we see that
β− = σ2σ1σ−12 , β+ = σ
−1
2 σ
−1
1 σ
−3
2
Taking inverses for convenience we have
β−1− = σ2σ
−1
1 σ
−1
2 = σ2δ
−1 = γ
β−1+ = σ
3
2σ1σ2 = σ
2
2σ1σ2σ1 = σ2δ
2 = γδ3
Since δ3 is central in B3, the result follows. 
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    +
1
Figure 19.
First note that for any link L, Σ2(L) is independent of the orientations of the components of
L.
By Lemma 9.8, as an unoriented link, −L(Cm, p) is the closure of the 3-braid βp = γmδ3p. Let
p = 2r + 1, r > 0; then βp = β1δ
6r.
The inverse image in Σ2(−L(Cm, p)) of the braid axis of β̂p in S3 is a simple closed curve whose
exterior is fibred over S1 with fibre a once-punctured torus T , the double branched cover of
(D2, 3 points).
Recall the natural identification of B3 with a subgroup of the group of homeomorphisms of
(D2, 3 points) which restrict to the identity on ∂D2. Then there are simple closed curves α1
and α2 in Int(T ), meeting transversely in a single point, such that σi lifts to the positive Dehn
twist τi along αi, i = 1, 2. Thus βp lifts to (τ2τ
−1
1 τ
−1
2 )
m(τ2τ1)
p = ϕp, say, the monodromy of
the T -bundle in Σ2(−L(Cm, p)). Note that (τ2τ1)6 is isotopic (rel ∂T ) to τ∂ , the positive Dehn
twist along ∂T .
For a homeomorphism ψ : T → T such that ψ|∂T is the identity, let c(ψ) denote the fractional
Dehn twist coefficient of ψ; see [HKM1, §3].
Claim 9.9. c(ϕ1) =
1
2 .
Proof. Since δ3 is central in B3, ϕ
2
1 is the lift of γ
2mδ6, which is (τ2τ
−1
1 τ
−1
2 )
2mτ∂ .
There is an essential properly embedded arc a in T such that τ1(a) = a. It follows that
c(τ−2m1 ) = 0 (see [HKM1]). Hence c((τ2τ
−1
1 τ
−1
2 )
2m) = c(τ−2m1 ) = 0. Therefore c(ϕ
2
1) = 1,
implying that c(ϕ1) =
1
2 (see [HKM1]). 
Since ϕp = ϕ1τ
r
∂ , we have that c(ϕp) =
1
2 + r > 1. Therefore by [Ro] (see [HKM2, Theorem
4.1]), Σ2(L(Cm, p)) admits a co-oriented taut foliation. 
Having given a detailed analysis of the cyclic case we will not attempt a complete classification
of definite baskets, but will content ourselves with a few remarks.
Recall that a subgraph Γ0 of a graph Γ is full if Γ0 contains every edge of Γ whose endpoints
lie in Γ0.
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Let A be a chord diagram, with ordering ω, and A0 ⊂ A a subchord diagram, with ordering ω0
induced by ω. If Γ(A0) is a full subgraph of Γ(A) then F (A0, ω0) is a homologically injective
subsurface of F (A, ω). Hence, if F (A, ω) is definite then so is F (A0, ω0). This can be used to
show that many baskets are indefinite. For example, if F (A, ω) is definite then any full subtree
of Γ(A) must be simply laced arborescent.
As a simple application of this, let Cm,l be an m-cycle with a leg of length l, l ≥ 1,m ≥ 3. See
Figure 20, which shows C5,2.
1
Figure 20.
It is easy to see that any chord diagram realising Cm,l is of the form shown in Figure 21.
l2
l1
1
Figure 21.
Thus if l > 1, Cm,l does not have a unique realisation as a chord diagram. However, given an
ordering of the arcs of the m-cycle Cm, the corresponding basket F (Cm,l) is clearly unique up
to isotopy.
Theorem 9.10. Assume that m ≥ 3 and l ≥ 1. There is a definite basket with incidence graph
Cm,l if and only if (m, l) is one of the following: (3, l) or (4, l) for l ≥ 1; (5, l) for l = 1, 2, or
3; (6, 1) or (7, 1).
Proof. For the “only if” direction, note that if (m, l) is not one of the pairs listed then either
(m, l) = (5, 4) or Cm,l contains a full subtree that is not simply laced arborescent. In the case
(m, l) = (5, 4), the corresponding basket F is obtained by plumbing a positive Hopf band to
F (E8) along a non-separating arc. Hence F is indefinite by Lemma 6.1(3).
For the “if” direction, order the arcs of the m-cycle Cm so that p = 1. By Theorem 9.4, F (Cm, 1)
is isotopic to F (Dm). This isotopy is effected by sliding h1 successively over h2, . . . , hm−1. After
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v1
vm
1
Figure 22.
these handle-slides, the handles h1 and hm correspond to the vertices v1 and vm of Dm as shown
in Figure 22.
Also, the transverse arcs (co-cores) of h1 and hm are unaffected by the handle-slides. It follows
that if we plumb a row of positive Hopf bands to h1 (say), then the resulting surface is F (Γ),
where Γ is the tree obtained by adjoining a line of l edges to Dm at v1.
If m = 3 or 4 then Γ ∼= Dm+l, so F (Γ) is definite.
If m = 5 and l = 1, 2, or 3 then Γ ∼= E6, E7, or E8 respectively. Similarly if m = 6 or 7 and
l = 1 then Γ ∼= E7 or E8. In all cases, F (Γ) is definite. 
We conclude with one more example. Let Km be the complete graph on m vertices. It is easy
to see that Km has a unique realization as a chord diagram A, namely m diameters of D2.
Theorem 9.11. If F (Km, ω) is definite then it is isotopic to F (Am).
Proof. If m ≤ 2 then Km = Am and there is nothing to prove.
Suppose m ≥ 3. Number the arcs in A, α1, α2, ..., αm, in anticlockwise order around the disk.
Let ω be an ordering of A such that F (A, ω) is definite. Any 3-cycle in Km is full, and so
by Lemma 9.6, up to cyclic renumbering of the αi’s, we must have α1 > α2 > ... > αm. The
corresponding basket F (Km, ω) is illustrated in Figure 23, which shows the case m = 6.
h1
h2
hm 1
hm
1
Figure 23.
Slide hm−1 over hm. The resulting chord diagram has incidence graph Km−1 with a leg of
length 1; see Figure 24.
Now slide hm−2 over hm, and then slide hm over h′m−2; see Figures 25 and 26.
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h1
h2
hm 2
hm h
0
m 1
1
Figure 24.
h1
h2
hm 3
hm h
0
m 1 h0m 2
1
Figure 25.
hm 3
h0m
h0m 1 h0m 2
1
Figure 26.
The incidence graph is now Km−2 with a leg of length 2. Continue this procedure: slide hm−3
over h′m and then slide h′m over h′m−3; the incidence graph is now Km−3 with a leg of length 3;
see Figure 27.
Eventually we obtain the incidence graph Am. 
10. L-space branched covers of strongly quasipositive links of braid index 3
In this section we investigate the pairs (L, n) where L is a non-split strongly quasipositive link
of braid index 3 and Σn(L) is an L-space. This will lead to a proof of Proposition 1.12. We
assume that (L, n) is such a pair throughout. By Theorem 1.3, L is definite and therefore
Theorem 1.8 implies that Σ2(L) is an L-space.
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1
Figure 27.
Stoimenow has shown that strongly quasipositive links of braid index 3 are the closures of
strongly quasipositive 3-braids ([Stoi, Theorem 1.1]), so we can write
L = b̂
where
b = δk3P
is a minimal representative of a conjugacy class of strongly quasipositive 3-braids (cf. §3.1). We
analyse the cases k > 0, k = 0 separately.
10.1. The case k > 0. Proposition 3.5 implies that the minimal form of b is one of the following
braids:
(1) δk3σ
p
1 where either

p = 0 and 1 ≤ k ≤ 5
p > 0 and 1 ≤ k ≤ 3
p = {1, 2} and k = 4
(2) δ3σ
p
1a
q
13 where p, q ≥ 1.
The closures of these braids are non-split and the only one whose closure is trivial is δ3. In
the latter case, Σn(̂b) is an L-space for each n, and so Proposition 1.12 holds. Without loss of
generality we assume b̂ is non-trivial below.
First consider the braids listed in (2) and note that the closure of b = δ3σ
p
1a
q
13 is the composite
link b̂ = T (2, p+ 1)#T (2, q + 1).
Since Σn(T (2, p+ 1)#T (2, q + 1)) ∼= Σn(T (2, p+ 1))#Σn(T (2, q + 1)) is an L-space if and only
if both Σn(T (2, p + 1)) and Σn(T (2, q + 1)) are L-spaces, it follows from [GLid] and [Nem,
Example 1.11] that Proposition 1.12 holds for the closures of the braids in family (2).
More precisely, if p = q = 1, b̂ = T (2, 2)#T (2, 2) where T (2, 2) is the Hopf link. Since each
Σn(T (2, 2)) is a lens space, Σn(T (2, 2)#T (2, 2)) is an L-space for each n ≥ 2. Otherwise, Σn(̂b)
is an L-space if and only if
n ≤

2 when max{p, q} ≥ 5
3 when max{p, q} = 3, 4
5 when max{p, q} = 2
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 51
Next consider the braids listed in (1). These are clearly positive and their closures are prime.
They are also definite, so by Theorem 1.4, bˆ is simply laced arborescent and therefore conjugate
to one of the following positive braids:
b σm1 σ2 (m ≥ 2) σm1 σ2σ21σ2 (m ≥ 2) σ31σ2σ31σ2 σ41σ2σ31σ2 σ51σ2σ31σ2
b̂ T (2,m) P (−2, 2,m) P (−2, 3, 3) = T (3, 4) P (−2, 3, 4) P (−2, 3, 5) = T (3, 5)
F (̂b) Am−1 Dm+2 E6 E7 E8
To see that Proposition 1.12 holds for these braids first note that Σn(T (2, 2)) is a lens space
for each n ≥ 2, and therefore an L-space. Also, it follows from [GLid] and [Nem, Example 1.11]
that
Σn(̂b) is an L-space if and only if n ≤

2 if b̂ = T (2,m) where m ≥ 6
2 if b̂ = T (3, 3), T (3, 4) or T (3, 5)
3 if b̂ = T (2, 4) or T (2, 5)
5 if b̂ = T (2, 3)
Thus we are left with considering the cases that b is either σm1 σ2σ
2
1σ2 (m ≥ 2) or σ41σ2σ31σ2. We
begin with some remarks.
For each ζ ∈ S1 \ {−1} we define I−(ζ), to be the closed subarc of the circle with endpoints
ζ, ζ¯ which contains −1.
Let SF (b) : H1(F (b)) × H1(F (b)) → Z be the Seifert form of the surface F (b) and recall the
Hermitian form SF (b)(ζ) = (1 − ζ)SF (b) + (1 − ζ¯)STF (b) defined for ζ ∈ S1. It follows from
[BBG, Theorem 1.1] that if Σn(̂b) is an L-space, then SF (b)(ζ) is definite for ζ ∈ I−(ζn). If b0
is contained in b, F (b0) ⊆ F (b) and therefore SF (b0)(ζ) is definite for ζ ∈ I−(ζn) as well. In
particular, ∆
b̂0
(t) has no zero in this interval.
Suppose that b = σ41σ2σ
3
1σ2 and that Σn(̂b) is an L-space for some n ≥ 2. Then SF (b)(ζ) is
definite for ζ ∈ I−(ζn). As b contains b0 = σ71σ2, the same is true for SF (b0)(ζ). In particular,
the Alexander polynomial of b̂0 = T (2, 7) has no root in I−(ζn). Since
∆
b̂0
(t) =
t7 + 1
t+ 1
,
∆−1
b̂0
(0) is the set of primitive 14th roots of 1. It follows that ζ514 is not contained in I−(ζn) and
therefore 514 <
1
n . Equivalently, n <
14
5 < 3. Thus n = 2 so that Proposition 1.12 holds for
these braids.
Finally suppose that b = σm1 σ2σ
2
1σ2 where m ≥ 2. Then b contains the sub-braid b0 =
σ21σ2σ
2
1σ2 = σ1(σ2σ1σ2)σ1σ2 = δ
3
3 . It is simple to verify that b̂0 = T (3, 3) has Conway polyno-
mial z2(z2+3), and as ∆
b̂0
(t2) = ∇
b̂0
(t−t−1), the Alexander polynomial of b̂0 is (t−1)2(t2+t+1).
Hence ∆
b̂0
(ζ3) = 0. It follows that SF (b0)(ζ3), and therefore SF (b)(ζ3), is indefinite. In particu-
lar, Σn(̂b) cannot be an L-space for n ≥ 3.
Summarising, when k > 0 and b = δk3P is a BKL-positive 3-braid for which b̂ is a non-trivial
prime link and some Σn(̂b) is an L-space, then b is conjugate to one of the positive braids listed
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in the table above. If b is σ21σ2, then Σn(̂b) is an L-space for each n ≥ 2. Otherwise, Σn(̂b) is
an L-space if and only if
n ≤

2 and b = σm1 σ2 (m ≥ 6), σm1 σ2σ21σ2 (m ≥ 2), or σm1 σ2σ31σ2 (m = 3, 4, 5)
3 and b = σ41σ2 or σ
5
1σ2
5 and b = σ31σ2
Thus Proposition 1.12 holds in the case that k > 0
10.2. The case k = 0. In this case b is conjugate to b(p, q, r) = σp1a
q
13σ
r
2 where p, q, r ≥ 1
(Corollary 3.7). As we observed above, Σ2(̂b) is an L-space.
10.2.1. Restricting the values of p, q, r. The identity
δ3b(p, q, r)δ
−1
3 = σ
p
2σ
q
1a
r
13 ∼ b(q, r, p)
implies that ̂b(p, q, r) = ̂b(q, r, p) = ̂b(r, p, q). Further, ̂b(p, q, r) and ̂b(q, p, r) differ by a flype
([BiM, The Classification Theorem, page 27]), so coincide. Thus
Lemma 10.1. ̂b(p, q, r) is invariant under arbitrary permutations of (p, q, r). 
As such, we assume below that
p ≤ q ≤ r
We noted in §10.1 that if b0 is contained in b, then F (b0) ⊆ F (b) and therefore SF (b0)(ζ) is
definite for ζ ∈ I−(ζn). In particular, ∆b̂0(t) has no zero in this interval. For instance, taking
b0 = σ1σ
r
2 we have b̂0 = T (2, r) and therefore
∆
b̂0
(t) =
tr + (−1)r+1
t+ 1
It follows that
∆−1
b̂0
(0) =
{
the set of primitive 2rth roots of 1 other than −1 if r is odd
the set of rth roots of 1 other than −1 if r is even
If r ≥ 3 is odd, then ζr−22r 6= −1 and is a primitive 2rth root of unity, so it is not contained
in I−(ζn). Therefore 1n >
r−2
2r . Equivalently, r < 2 +
4
n−2 . Similarly if r ≥ 2 is even, then
ζ
r
2
−1
r 6∈ I−(ζn) so that
r
2
−1
r =
r−2
2r <
1
n . Again we deduce that r < 2 +
4
n−2 . Thus
n = 3 ⇒ 1 ≤ p ≤ q ≤ r ≤ 5
n = 4, 5 ⇒ 1 ≤ p ≤ q ≤ r ≤ 3
n ≥ 6 ⇒ 1 ≤ p ≤ q ≤ r ≤ 2
In what follows, we study whether or not Σn( ̂b(p, q, r)) is an L-space by analysing the zeros of
the Alexander polynomials of the links ̂b(p, q, r) for each of the thirty-five values of (p, q, r) with
1 ≤ p ≤ q ≤ r ≤ 5 .
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 53
10.2.2. The Alexander polynomials of ̂b(p, q, r) where 1 ≤ p ≤ q ≤ r ≤ 5. Let ∇(p, q, r)(z)
denote the Conway polynomial of b̂(p, q, r). The skein relation ([Kf, §2]) implies that
(10.2.1) ∇(p, q, r)(z) =

z∇(p− 1, q, r)(z) +∇(p− 2, q, r)(z)
z∇(p, q − 1, r)(z) +∇(p, q − 2, r)(z)
z∇(p, q, r − 1)(z) +∇(p, q, r − 2)(z)
Since T (2, p) = σ̂p1σ2, the reader will verify using (10.2.1) that ∇T (2,p)(z) = fp(z) where fn(z)
is defined recursively by
f0(z) = 0, f1(z) = 1, fn(z) = zfn−1(z) + fn−2(z) when n ≥ 2
For instance,
n 0 1 2 3 4 5 6 7
fn(z) 0 1 z z
2 + 1 z(z2 + 2) z4 + 3z2 + 1 z(z2 + 1)(z2 + 3) z6 + 5z4 + 6z2 + 1
Since b(p, q, 0) ∼= T (2, p)#T (2, q), we have
∇(p, q, 0) = fp(z)fq(z)
for p, q ≥ 0. An inductive argument then shows that
∇(1, 1, r) = fr(z)∇(1, 1, 1) + fr−1(z)∇(1, 0, 1) = fr(z)∇(1, 1, 1) + fr−1(z)
Similarly we have
∇(1, q, r) = fq(z)∇(1, 1, r) + fq−1(z)∇(1, 0, r)
= fq(z)fr(z)∇(1, 1, 1) + fq(z)fr−1(z) + fq−1(z)fr(z)
Finally,
∇(p, q, r) = fp(z)∇(1, q, r) + fp−1(z)∇(0, q, r)
= fp(z)fq(z)fr(z)∇(1, 1, 1) + fp(z)fq(z)fr−1(z) + fp(z)fq−1(z)fr(z)
+fp−1(z)fq(z)fr(z)
Since ∇(1, 1, 1) = 2z, we have
∇(p, q, r) = 2zfp(z)fq(z)fr(z) + fp(z)fq(z)fr−1(z) + fp(z)fq−1(z)fr(z) + fp−1(z)fq(z)fr(z)
This identity combined with the skein relation (10.2.1) yields the following table.
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(p, q, r) ∇(p, q, r) (p, q, r) ∇(p, q, r)
(1, 1, 1) 2z (2, 2, 5) z(2z6 + 9z4 + 10z2 + 2)
(1, 1, 2) 2z2 + 1 (2, 3, 3) (z2 + 1)(2z4 + 5z2 + 1)
(1, 1, 3) z(2z2 + 3) (2, 3, 4) z(2z6 + 9z4 + 11z2 + 3)
= z(2z2 + 3)(z4 + 3z2 + 1)
(1, 1, 4) 2z4 + 5z2 + 1 (2, 3, 5) 2z8 + 11z6 + 18z4 + 9z2 + 1
(1, 1, 5) z(2z4 + 7z2 + 4) (2, 4, 4) z2(z2 + 2)(2z4 + 7z2 + 4)
(1, 2, 2) 2z(z2 + 1) (2, 4, 5) z(2z8 + 13z6 + 27z4 + 19z2 + 3)
= z(z2 + 1)(z2 + 3)(2z4 + 5z2 + 1)
(1, 2, 3) 2z4 + 4z2 + 1 (2, 5, 5) (z4 + 3z2 + 1)(2z6 + 9z4 + 9z2 + 1)
(1, 2, 4) z(2z4 + 6z2 + 3) (3, 3, 3) z(z2 + 1)2(2z2 + 5)
(1, 2, 5) (z2 + 1)(2z4 + 6z2 + 1) (3, 3, 4) (z2 + 1)(2z6 + 9z4 + 10z2 + 1)
(1, 3, 3) 2z(z2 + 1)(z2 + 2) (3, 3, 5) z(z2 + 1)(z2 + 2)(2z4 + 7z2 + 3)
= z(z2 + 1)(z2 + 2)(2z2 + 1)(z2 + 3)
(1, 3, 4) 2z6 + 8z4 + 8z2 + 1 (3, 4, 4) z(z2 + 2)(2z6 + 9z4 + 10z2 + 2)
(1, 3, 5) z(2z6 + 10z4 + 14z2 + 5) (3, 4, 5) 2z10 + 15z8 + 39z6 + 41z4 + 15z2 + 1
(1, 4, 4) 2z(z2 + 2)(z4 + 3z2 + 1) (3, 5, 5) z(z4 + 3z2 + 1)(2z6 + 11z4 + 17z2 + 7)
(1, 4, 5) 2z8 + 12z6 + 22z4 + 12z2 + 1 (4, 4, 4) z2(z2 + 2)2(2z4 + 7z2 + 3)
= z2(z2 + 2)2(2z2 + 1)(z2 + 3)
(1, 5, 5) 2z(z2 + 1)(z2 + 3)(z4 + 3z2 + 1) (4, 4, 5) z(z2 + 2)(2z8 + 13z6 + 26z4 + 16z2 + 2)
(2, 2, 2) z2(2z2 + 3) (4, 5, 5) (z2 + 1)(z4 + 3z2 + 1)(2z6 + 11z4 + 15z2 + 1)
(2, 2, 3) z(2z4 + 5z2 + 2) = z(2z2 + 1)(z2 + 2) (5, 5, 5) z(z4 + 3z2 + 1)2(2z4 + 9z2 + 8)
(2, 2, 4) z2(2z4 + 7z2 + 5)
The Alexander polynomials of these links are obtained using the identity ∇(p, q, r)(t− t−1) =
∆ ̂b(p,q,r)(t
2). The result is listed in the second column of the following table. The third column
lists the values of n for which the position of the roots of the Alexander polynomial obstructs
Σn( ̂b(p, q, r)) from being an L-space (cf. §10.2.1). The last column lists what is known about
whether or not Σn( ̂b(p, q, r)) is an L-space for the remaining values of n ≥ 3 as well as those
values for which the answer is unknown to us.
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∆b̂(t) implies Σn(̂b) is an L-space (X)
(p, q, r) ∆b̂(t) Σn(̂b) not Σn(̂b) is not an L-space (x)
an L-space Unknown (?)
(1, 1, 1) 2(t-1) all n X
(1, 1, 2) 2t2 − 3t+ 2 n ≥ 9 n = 3, 4, 5X; 6, 7, 8 (x)
(1, 1, 3) (t− 1)(2t2 − t+ 2) n ≥ 5 n = 3, 4 (?)
(1, 1, 4) 2t4 − 3t3 + 3t2 − 3t+ 2 n ≥ 4 n = 3 X
(1, 1, 5) (t− 1)(2t4 − t3 + 2t2 − t+ 2) n ≥ 4 n = 3 (?)
(1, 2, 2) 2(t− 1)(t2 − t+ 1) n ≥ 6 n = 3, 4, 5 (?)
(1, 2, 3) 2t4 − 4t3 + 5t2 − 4t+ 2 n ≥ 5 n = 3 X; 4 (?)
(1, 2, 4) (t− 1)(2t4 − 2t3 + 3t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(1, 2, 5) (t2 − t+ 1)(2t4 − 2t3 + t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(1, 3, 3) 2(t− 1)(t2 − t+ 1)(t2 + 1) n ≥ 4 n = 3 (?)
(1, 3, 4) 2t6 − 4t5 + 6t4 − 7t3 + 6t2 − 4t+ 2 n ≥ 4 n = 3 (?)
(1, 3, 5) (t− 1)(2t6 − 2t5 + 4t4 − 3t3 + 4t2 − 2t+ 2) n ≥ 4 n = 3 (?)
(1, 4, 4) 2(t− 1)(t2 + 1)(t4 − t3 + 5t2 − t+ 1) n ≥ 4 n = 3 (?)
(1, 4, 5) 2t8 − 4t7 + 6t6 − 8t5 + 9t4 − 8t3 + 6t2 − 4t+ 2 n ≥ 4 n = 3 (?)
(1, 5, 5) 2(t− 1)(t2 − t+ 1)(t2 + t+ 1)(t4 − t3 + t2 − t+ 1) n ≥ 3 ∗
(2, 2, 2) (t− 1)2(2t2 − t+ 2) n ≥ 5 n = 3, 4 (?)
(2, 2, 3) (t− 1)(t2 + 1)(2t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(2, 2, 4) (t− 1)2(2t4 − t3 + 3t2 − t+ 2) n ≥ 4 n = 3 (?)
(2, 2, 5) (t− 1)(2t6 − 3t5 + 4t4 − 4t3 + 4t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(2, 3, 3) (t2 − t+ 1)(2t4 − 3t3 + 3t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(2, 3, 4) (t− 1)(2t2 − t+ 2)(t4 − t3 + 5t2 − t+ 1) n ≥ 4 n = 3 (?)
(2, 3, 5) 2t8 − 5t7 + 8t6 − 19t5 + 29t4 − 19t3 + 8t2 − 5t+ 2 n ≥ 3 ∗
(2, 4, 4) (t− 1)2(t2 + 1)(2t4 − t3 + 2t2 − t+ 2) n ≥ 4 n = 3 (?)
(2, 4, 5) (t− 1)(t2 − t+ 1)(t2 + t+ 1)(2t4 − 3t3 + 3t2 − 3t+ 2) n ≥ 3 ∗
(2, 5, 5) (t4 − t3 + 5t2 − t+ 1)(2t6 − 3t5 + 3t4 − 3t3 + 3t2 − 3t+ 2) n ≥ 3 ∗
(3, 3, 3) (t− 1)(t2 − t+ 1)2(2t2 + t+ 2) n ≥ 4 n = 3 (?)
(3, 3, 4) (t2 − t+ 1)(2t6 − 3t5 + 4t4 − 4t3 + 4t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(3, 3, 5) (t− 1)(t2 − t+ 1)(t2 + 1)(t2 + t+ 1)(2t2 − 3t+ 2) n ≥ 3 ∗
(3, 4, 4) (t− 1)(t2 + 1)(2t6 − 3t5 + 4t4 − 4t3 + 4t2 − 3t+ 2) n ≥ 4 n = 3 (?)
(3, 4, 5) 2t10 − 5t9 + 9t8 − 13t7 + 16t6 − 17t5 + 16t4 − 13t3 + 9t2 − 5t+ 2 n ≥ 3 ∗
(3, 5, 5) (t− 1)(t4 − t3 + 5t2 − t+ 1)(2t6 − t5 + 3t4 − t3 + 3t2 − t+ 2) n ≥ 3 ∗
(4, 4, 4) (t− 1)2(t2 + 1)2(t2 + t+ 1)(2t2 − 3t+ 2) n ≥ 3 ∗
(4, 4, 5) (t− 1)(t2 + 1)(2t8 − 3t7 + 4t6 − 5t5 + 6t4 − 5t3 + 4t2 − 3t+ 2) n ≥ 3 ∗
(4, 5, 5) (t2 − t+ 1)(t4 − t3 + 5t2 − t+ 1)(2t6 − t5 + t4 − 3t3 + t2 − t+ 2) n ≥ 3 ∗
(5, 5, 5) (t− 1)(t4 − t3 + 5t2 − t+ 1)2(2t4 + t3 + 2t2 + t+ 2) n ≥ 3 ∗
10.2.3. The proof of Proposition 1.12 when k = 0. Assume that Σn( ̂b(p, q, r)) is an L-space for
some 1 ≤ p ≤ q ≤ r ≤ 5 and n ≥ 2. Since Σ2( ̂b(p, q, r)) is an L-space, Proposition 1.12 holds if
n = 2 or 3. We suppose that n ≥ 4 below.
Case 4. n ≥ 6
We saw in §10.2.1 that max{p, q, r} ≤ 2 when n ≥ 6, so (p, q, r) is either (1, 1, 1), (1, 1, 2), (1, 2, 2),
or (2, 2, 2). We also saw that there are no roots of ∆
b̂
(t) in I−(ζn). Equivalently, if ζ ∈ S1 is a
ON DEFINITE STRONGLY QUASIPOSITIVE LINKS AND L-SPACE BRANCHED COVERS 56
root of ∆
b̂
(t), then Re(ζ) > cos(2pi/n) ≥ cos(2pi/6) = 12 . The Alexander polynomials of these
links are listed in the third table in §10.2.2 and their roots are
{1} if (p, q, r) = (1, 1, 1)
{3+
√
7i
4 ,
3−√7i
4 } if (p, q, r) = (1, 1, 2)
{1, 1+
√
3i
2 ,
1−√3i
2 } if (p, q, r) = (1, 2, 2)
{1, 1+
√
15i
4 ,
1−√15i
4 } if (p, q, r) = (2, 2, 2)
Since these roots ζ must satisfy Re(ζ) > 12 , the only possibilities are b(1, 1, 1) (any n) or b(1, 1, 2)
(n = 6, 7, 8).
Subcase 4.1. (p, q, r) = (1, 1, 1)
Lemma 10.2. The link ̂b(1, 1, 1) is T (2,−4) oriented so that its components have linking num-
ber 2. Further, Σn( ̂b(1, 1, 1)) is an L-space for each n. In particular, Proposition 1.12 holds
when (p, q, r) = (1, 1, 1).
Proof. The first claim is easily verified. For the second, note that the exterior X of ̂b(1, 1, 1)
is Seifert fibred with base orbifold A(2) where A is an annulus. The homomorphism pi1(X)→
Z/n associated to the n-fold cyclic cover Xn of X determined by ̂b(1, 1, 1) factors through
H1(A(2)) ∼= Z⊕Z/2 (and therefore pi1(A(2))) in such a way that the Z/2 factor is killed. Thus
the base orbifold of Xn is an annulus with cone points of order 2. Further, the Seifert fibre of Xn
has distance 1 from the lifts of the meridians, so Σn( ̂b(1, 1, 1) has base orbifold a 2-sphere with n
cone points of order 2. It’s also a rational homology 3-sphere since its Alexander polynomial is
∆
b̂
(t) = 2(t− 1) and therefore |H1(Σn( ̂b(1, 1, 1))| = 2n−1
∏n−1
j=1 |ζjn− 1| = 2n−1|
∏n−1
j=1 (ζ
j
n− 1)| =
2n−1|tn−1 + tn−2 + · · ·+ t+ 1|t=1 = 2n−1n ([HK, Theorem 1]).
The normalised Seifert invariants of Σn( ̂b(1, 1, 1) ([EHN, §3]) are of the form
(0; b0,
1
2
,
1
2
, . . . ,
1
2
)
where there are n “12”’s. Therefore e(Σn(
̂b(1, 1, 1))) = −b0 − n2 . On the other hand, it follows
from [JN, Corollary 6,2] that |e(Σn( ̂b(1, 1, 1))| = ( 12n )|H1(Σn( ̂b(1, 1, 1))| = n/2. Thus
−b0 − n
2
= e(Σn( ̂b(1, 1, 1))) = n/2
for some  = ±1. It follows that b0 + n2 6= 0 and further,
b0 = −(+ 1)n/2
Hence, |b0| is either 0 or n. If Σn( ̂b(1, 1, 1))) supports a co-oriented taut foliation, then by
[EHN, Theorem 3.3], either b0 +
n
2 = 0 (which has already been ruled out), or b0 ≤ −1 and
b0+
n
2 ≥ 1. The condition that b0 ≤ −1 implies that b0 = −n. But then b0+ n2 = −n2 < 0, which
contradicts the requirement that b0 +
n
2 ≥ 1. Hence no Σn( ̂b(1, 1, 1))) supports a co-oriented
taut foliation. Consequently, each is an L-space ([BGW]). 
Subcase 4.2. (p, q, r) = (1, 1, 2)
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Lemma 10.3. ̂b(1, 1, 2) is the knot 52. Consequently, Σn( ̂b(1, 1, 2)) is an L-space if and only
if n = 2, 3, 4, 5. In particular, Proposition 1.12 holds when (p, q, r) = (1, 1, 2).
Proof. The first claim is easily verified. For the second, note that it follows from the third
table in §10.2.2 that Σn( ̂b(1, 1, 2)) is not an L-space for n ≥ 9. Robert Lipshitz has shown by
computer calculation that Σn(K) is an L-space for n = 5, and is not an L-space for n = 6, 7, and
8 (private communication). The fact that Σ5(K) is an L-space was also proved by Mitsunori
Hori. See [Te2]. We already know that Σ2(K) is an L-space. This is also true for Σ3( ̂b(1, 1, 2))
by [Pe] and Σ4( ̂b(1, 1, 2)) by [Te1]. 
Case 5. n ∈ {4, 5}
In this case, max{p, q, r} ≤ 3 so (p, q, r) is one of (1, 1, 1), (1, 1, 2), (1, 1, 3), (1, 2, 2), (1, 2, 3),
(1, 3, 3), (2, 2, 2), (2, 2, 3), (2, 3, 3), (3, 3, 3). Similar to the last case, the condition that Σn( ̂b(p, q, r))
is an L-space implies that for each root ζ ∈ S1 of ∆
b̂
(t) we have
Re(ζ) >
{
cos(2pi/4) = 0 if n = 4
cos(2pi/5) > 0.3 if n = 5
We saw above that both Σ4( ̂b(p, q, r)) and Σ5( ̂b(p, q, r)) are L-spaces when (p, q, r) is (1, 1, 1)
or (1, 1, 2), which verifies Proposition 1.12 in these cases.
Subcase 5.1. (p, q, r) = (1, 2, 2)
The reader will verify that ̂b(1, 2, 2) is the link 623. See Figure 28. The root condition implies
(cf. the third table in §10):
623
1
Figure 28. ̂b(1, 2, 2) = 623
Lemma 10.4. Σn( ̂b(1, 2, 2)) is not an L-space for n ≥ 6. 
We do not know whether or not Σn( ̂b(1, 2, 2)) is an L-space for n = 3, 4, 5.
Subcase 5.2. (p, q, r) = (2, 2, 2)
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The closure of b(2, 2, 2) is the link 731 (cf. Figure 29). From the third table in §10.2.2 we see
that:
731
1
Figure 29. ̂b(2, 2, 2) = 731
Lemma 10.5. Σn( ̂b(2, 2, 2)) is not an L-space for n ≥ 5. 
We do not know whether or not Σn( ̂b(2, 2, 2)) is an L-space for n = 3, 4.
Next suppose that (p, q, r) is one of (1, 1, 3), (1, 2, 3), (1, 3, 3), (2, 2, 3), (2, 3, 3), (3, 3, 3) and con-
sider b0 = b(1, 3, 3). From above, ∇(1, 3, 3) = 2z(z2+1)(z2+2) and so ∆b̂0(t) = 2(t−1)(t2− t+
1)(t2+1). Hence i is a root of ∆
b̂0
(t) so that S
F (b̂0)
(i) is indefinite. It follows that S
F (b̂(p,q,r))
(i) is
indefinite if b(p, q, r) contains b0. But then neither Σ4( ̂b(p, q, r)) nor Σ5( ̂b(p, q, r)) is an L-space
([BBG, Theorem 1.1]), contrary to our assumptions.
We are left with considering (p, q, r) = (1, 1, 3), (1, 2, 3), or (2, 2, 3). From the third table in
§10.2.2 we see that the roots of the associated Alexander polynomials are
{1, 14 ±
√
15
4 i} if (p, q, r) = (1, 1, 3)
{0.14645± 0.98922i, 0.85355± 0.52101i} if (p, q, r) = (1, 2, 3)
{1,±i, 34 ± 14
√
7i} if (p, q, r) = (2, 2, 3)
In each case there is a root ζ of ∆
b̂
(t) for which Re(ζ) < 310 < cos(2pi/5). Thus n 6= 5. Similarly
n = 4 is ruled out for (p, q, r) = (2, 2, 3), contrary to our assumptions. On the other hand,
n = 4 remains a possibility for (p, q, r) = (1, 1, 3) or (1, 2, 3).
Subcase 5.3. (p, q, r) = (1, 1, 3)
The closure of b(1, 1, 3) is the link 622. See Figure 30.
From the third table in §10.2.2 we see that:
Lemma 10.6. Σn( ̂b(1, 1, 3)) is not an L-space for n ≥ 5. 
We do not know whether or not Σn( ̂b(1, 1, 3)) is an L-space for n = 3, 4.
Subcase 5.4. (p, q, r) = (1, 2, 3)
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622
1
Figure 30. ̂b(1, 3, 3) = 622
The closure of b(1, 2, 3) is the knot 75 as depicted in [Rlf, Appendix C, page 392].
Lemma 10.7. Σn( ̂b(1, 2, 3)) is an L-space if n = 3, 4 and not an L-space for n ≥ 5. Thus
Proposition 1.12 holds when (p, q, r) = (1, 2, 3).
Proof. The third table in §10.2.2 shows that Σn( ̂b(1, 2, 3)) is not an L-space for n ≥ 5. Since
72 is a genus 2 two-bridge knot, [Ba, Theorem 1.2] shows that Σn( ̂b(1, 2, 3)) is an L-space for
n = 2 and 3. 
Remark 10.8. We summarise here what is needed to do to extend Proposition 1.12 to include
the three exceptional links 622, 6
2
3 and 7
1
3.
• If L is the link 622 = ̂b(1, 1, 3) (cf. Figure 30), it must be shown that either Σ3(L) is an
L-space or Σ4(L) is not an L-space.
• If L is the link 623 = ̂b(1, 2, 2) (cf. Figure 28), it must be shown that either Σ3(L) and
Σ4(L) are L-spaces or Σ4(L) and Σ5(L) are not L-spaces.
• If L is the link 713 = ̂b(2, 2, 2) (cf. Figure 29), it must be shown that either Σ3(L) is an
L-space or Σ4(L) is not an L-space.
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